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Introduction

0.1 A brief overview: Context, Content, and Connections

This subject puts together all of the following: Noether’s theorem, Covariant Formalism,
Edge Modes, Soft Modes, Asymptotic symmetries, BMS symmetry, ADM mass, Boundary



symmetries, Soft theorems, Infrared anomalies, Memory effects, Black-Hole thermodynam-
ics, Holography, Geometrical entropy formula, Black-Hole Hairs, resolution of the informa-
tion paradox, Discretization of gauge theory, Discretization of gravity and extensions of
loop quantum gravity.

I will not be able to cover all these subject :( . I can only skim through the surface in 5
hours with a narrow focus and make choices that I am still in the process of making.

1 Lecture 1: Preliminaries

Here I'll recall some basics that are needed for the understanding of the lecture. Would be
amazing if I could skip it and there was a preliminary introductory lecture about it.

1.1 Cartan calculus and volume forms

Talk about Cartan calculus: forms, vector fields, and differentials. Talk about the Lie
bracket & Jacobi identity

([X.Y], 2] = [X,[Y, Z]] - [V, [X, Z]] (1)

the Lie-derivative LxY = [X,Y] and Lxa, Cartan’s magical formula L, = 1,d + di, and
present the Cartan identities: both d and tx are graded differential operators of degree +1
and —1 respectively. The graded commutator [A, B] := AB — (—1)*BA.

The wedge product of forms is such that

dz' A--- Adz™ =sign(o)dz! A--- A da” (2)

where sign(o) is the signature of the permutation o.
The Lie bracket and Lie derivative satisfy 6 Cartan identities for (d, Lx,ux): 3 involve
the differentials

2d>=[d,d] = 0 (3)
[ZXv ZY] = s
[da ZX] = LX
[Lx,Ly] = Lixy] (4)
[Lx,iv] = yxy]

explain each briefly.
The first of the Cartan identities d? = 0 is equivalent to the equality of mixed partials
in coordinates, e.g.,
0% f B 0% f
0zi0xd Qa0

(6)
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Ex. 1: Prove it.

More geometrically it can be thought of as the fact that there is no boundary to the
boundary of a manifold:

Volume form: Given a metric we can define volume forms, we use the Hodge star operation.
It is such that

e:=x1 = /g(dzt A--- Ada?), e xw =*(wAg(§)) (8)
where g(€)q 1= gap€?. Tt also satisfy
9(6) A xw = (1gw) (=) (9)
e = *1=/g(dz! A---da?),
€a = 19,€ = Gaa’ * (dxa,)ﬂ (10)
€ab = L9yLa,€ = Yaa/ Gk * (dz® A da?)

Application of these definition gives. These forms can be used to integrate functions on
manifold M, vectors on codimension 1 slices Y, and charge aspects on co-dimension 2

. 1
/ Fe:/ F, /faea:/%e, /Qabeab:/LQe. (11)
M M > D) 2Js s

are such that de = de, = dey, = 0 and we can show that

surfaces.

L€ = (0ga%)e, Ea(,@beb) = [8(1(0/15(’) - ﬁ“(@aab)]eb (12)
And we establish that
d(€%,) = (ButYe,  d (%Q“beab) = (3,Q)es, (13)
Proof:
dige = 9,0°dzb A €, = (14)

1.2 Canonical Formalism

Talk about Canonical formalism, symplectic potential, Poisson bracket, Noether charge,
action and Hamiltonians for finite dimensional systems.
A Phase space is a manifold P equipped with a two-form w which is closed. This is the
symplectic form w = wyy(dz® A dab),

dw = 0. (15)



When invertible, we can associate to it a Poisson structure {f,g} = II%0,f0g. The
Poisson structure is a biderivation , it is simply given by a bivector field which is the inverse
of the symplectic potential, where IT%w, = 6¢. The central identity for the Poisson bracket
is that it satisfies the Jacobi identity

Jac(F,G,H) :={F,{G,H}} + cycl = 0. (16)

Ex. 2: Prove that it follows from dw = 0 and Ilw = —1.
The main purpose of the Poisson bracket is that it allows to map, phase space observables
F onto a phase space transformation, a flow. The Flow associated to F' is encoded into a
vector field X as follows: Given F' we define the Hamiltonian vector field X to be such
that

LXFw+dF = 0. (17)

And we define the Poisson bracket to be given by
{F,G} :=w(XFr, Xq). (18)

We can establish three key properties of the Hamiltonian vector field and the Poisson
bracket:
Lx,w=0, {F,G} = Lx,G, [Xr, Xq] :X{F»G}‘ (19)

In other words we have that Hamiltonian vector field preserves the symplectic structure,
that the bracket compute the action of a Hamiltonian vector field on a second hamiltonian
and that the bracket of two Hamiltonian vector fields is an Hamiltonian vector field asso-
ciated with the bracket.
Ex. 3: Prove it! Proof:

Lx,w = dixpw=—d*F=0,
{F,G} = ix,tx,w=—txpixow =tx,dG = Lx,G,
L[Xp,Xg}w = [»CXF7LXC,~]W = —ﬁXFdG = —dEXFG = —d{F, G} (20)
In other words we have established that
{F,-}:XF<:>LXFWZW(XF,'):—dF. (21)
We can also establish that Jacobi is satisfied
Proof:

{{F7 G}vH} = ﬁ{F,G}H = E[XF,XG]H
[‘CXF?‘CXG]H = {F7 {G7H}} - {G7 {F7 H}} (23)



1.3 Lagrangian

From an action to a symplectic structure. A symplectic structure is locally associated with
a symplectic potential w = d6f.

1
5= /0 dtlpd — H(p.q)). (24)

We have
85 = 6plg — OpH] — 8q[p + 94 H] + [pdqly (25)

We see here that the structure of the equation of motion is

¢={Hdq, p={Hp}, A{pa}=1 (26)

so that Xy = 0; generates the time flow. This Poisson structure is compatible with the
symplectic structure:
0 = pdq, w = 0p A dq. (27)

We have that
Xp = aq, Xq = _apa {pa Q} =1 (28)

Here we have X, = {p,-} = 0, also X, = {¢,-} = —0, and therefore {p,q} = 1. Here H
generates a hamiltonian flow X = 0.

Thus the symplectic structure is the inverse of w = df where 6 is the boundary term
in the action.

Difference between gauge and symmetry: A Symmetry X is a canonical transform
which preserve the Hamiltonian. We denote its hamiltonian Jx. Ixw +dJx = 0. X is a
symmetry if {Jx, H} = 0. Noether first theorem states that a symmetry is conserved, this
follows from

Jx = Xg[Jx]|={H,Jx}=—{Jx,H} = X[H] =0. (29)
A gauge transformation is a transformation which is in the Kernel of 2. It’s Noether charge
vanishes! Jx = 0.

Two questions: What happens if w is not invertible? and how to we find
the symplectic form w in Field theory?

Suppose we have a phase space (P,w) together with a set of constraints C = {Cy,a =
1,---,n}. the constraints sub space C~1(0) = {z € P|Cy(x) = 0} C P. We denote by
ic : C' — P the embedding map. i5w the pull back of w to C, restricted to the constraint
surface is a closed two form. It is a presymplectic form since it is not invertible. We denote
by N¢ = Ker(ifw) C TC the set of vector field which are in the kernel of if,w. Since w is
closed we have that if X,Y € N then [X,Y] € No. N¢ is therefore the tangent space to
the space of orbits. An equivalence relation is defined by

r~yey=elz, X e Nc. (30)



and we define

PJC =[CTH0)]"/ ~ (31)

where * means that we take out the fixed point of the group action. P//C is a symplectic
manifold.

1.4 geometric quantisation

In the quantisation scheme the symplectic potential plays a key role. As we have seen,
classically an observable F' defines a vector field X which is such that 1x,w = —dF. At
the quantum level phase space functions are promoted to sections of a line bundle over P.
The additional dimension is given by the phase factor. The question we want to investigate
is whether there exists a quantisation map F' — F promoting functions to operators such
that -

[F,G) = ih{F, G} (32)

for all functions (F,G) in Phase space? Remarkably the answer is yes! Strange because
Groenewold-Van Hove theorem states that this is not possible. This is a cornerstone results
of Geometric quantisation, and the symplectic potential plays a key role.

One first establish that the change in the symplectic potential along an Hamiltonina
vector field is given by

Lx.0=dix.0+1x,d0 =d(tx,0—F) :=dlp. (33)

The combination ¢ := vx,0 — F' is the Lagrangian associated with F.

Lxlag—Lxlr = Lxpixst—Lx,G— i1x,dlp —dixlr
S—— ~——
—{FG} =txgLxph =0
= [ﬁXF7 LXG]Q - {F7 G}
= xpxgll —{F. G} =lipcy- (34)
Given a function F' one defines a differential operator
A h
F:=—-Lx,—(F. (35)

1

This operator satisfies the quantisation condition (32).

h

%[F, G] = ;[XF, Xa) = (Lxpla — Lx lF)
h _—
= “Xro) - Uray =1{F,G}. (36)

One used that 6 defines a natural hermitian connection with curvature w:

V=X — %an (37)



and then define F' = %VXF + F. Applying this to (p,q) with (X,, X,) = (94, —0p) and
(Ap,Ay) = (0, —¢q) one gets

. h . h
p= ;8q, q= —;01, +q. (38)

In order to get the usual quantisation we have to restrict to a polarisation where d,¢ = 0.

1.5 Connections and curvature

Present in an elementary manner the concept of connection and its curvature in gauge and
gravity. We will use Yang-Mills connections A one-form valued into a Lie algebra g

va¢ = aa + Aaa F(A) = [vaa vb] = at114b - abAAa + [Am Ab] (39)

We will also use Levi-Civita connection Which are connection in the tangent bundle. And
Levi-civita connection VxY — Vy X = [X, Y], Vagar = 0, the coefficient of the conection
are V.0, = ['p¢ are given by

1
Ly = 5 (Dagbd + OvGad — Vagap) 9%. (40)

and the curvature tensor is

[vaa vb]ac = Rdcabad- (41)

While the Ricci tensor is Ry, = R. Taking the variation of these relations we get

SR b = Va0 Toe® — Vipdlae?,  0Rup = VedTha® — Vol ea®. (42)

1.6 Variational calculus

Introduce the variational Cartan calculus (6§, Ix, Lx). The two differentials anticommute
dé + 0d = 0, so that d + ¢ is itself a differential. Talk about the concept of Field space
vector field. And introduce as first example QCD.

2 Lecture 2: Covariant phase space and Noether’s theorem

We are going to see that in the covariant formalism a Lagrangian determines both the
equation of motion and a presymplectic structure on the system’s phase space. We will
also see that we can analyze symmetries and Hamiltonian structure without having to
specify a global time foliation.

We start with the QCD Lagrangian

1
L= 4—ngr(FabFab + 5% Ag), (43)



where Fp = 05 Ap — OpAq + [Aa, Apl is the curvature.
Its variation gives the equation of motion up to a boundary term:

SL = 9,0 — Tr(E5A,). (44)
:=E

where 0% is the symplectic current, and £ are the equations of motion
ea L 1 abaA d a . 1 ba -a
= ?Tr(F b), an E* := g—QVbF — Je (45)
The covariant derivative is such that V,X = 9, X + [A4, X].
Ex. 4: Prove it.
1
0L = —5Tr(+xF AdadA) + Tr(xjoA).
g

— 4 <912Tr(*F A 5A)) _ glzTr((dA « P — %) ASA) (46)

A Lagrangian symmetry is a transformation of the field that leaves the Lagrangian
invariant up to a boundary term. A gauge symmetry is a Lagrangian symmetry whose
parameter is a local functional. Look to the gauge transformation Lx A, := V,X. The
action of this vector field on the local functional L is given on the one hand by

LxL =0 (Xjm) , (47)
——
=05

where j,, is the charge matter current and we have denoted the boundary term £x.
On the other hand we have, since Lx L = §Ix L, that

1
LxL = 8,(Ix0%) — Te(EV,X), and  Ix§?= STe(FPV,X).  (48)
IxE g
X

We can conclude two important equations from this. First taking the difference we obtain
the conservation law for the Noether current:

B (Ix0" — 1%) = IxE=0. (49)
—_——
=Jx
This is Noether’s first theorem. The Noether current Jx := (Ix0® — (%) is conserved

on-shell which is represented by the hatted equality.



In the case of a gauge symmetry we have more: we can decompose [x into a total
derivative plus a term that does not depend on derivatives of X,

IXE = Tr(E°VoX) = 0, Tr(E°X) —Tr(X V,EY), (50)
C
=C%

and we can write the current conservation as
0u(J% — C%) = Tr(XV,E?). (51)

Here Jx is the Noether current while C'x is the constraints that follows from gauge sym-
metry.
If X is a local variation, this equality can be true only if both sides vanish, this gives
us the Bianchi identity:
V.E*=0. (52)

This is indeed an identity in the example of QCD

1 ) 1 . .
VaB* = 5[Va, [V, F*)] = Vajs, = 5g2 | Fab F* = Vajo, = =V (53)
The Noether Bianchi identity means that the matter Current needs to be covariantly
conserved. It also means that the Noether conservation Law reads

1
0u(IxO" — 15 = C%) =0, C% = TH(E"X). (54)

The fact that the divergence of Jx — Cx vanishes independently of the equations of motion
means that it is trivially conserved. In other words, there exists a bivector Q%’ called the
charge aspect such that

J¢ = C% +0,(Q%). (55)

The fact that the Noether Current is a pure boundary term on-shell is the hallmark of
gauge invariant theories.
Ex. 5: Check the Bianchi identity and the trivial conservation.

We can check the trivial conservation of the current directly by evaluating the charge
aspect for QCD: one finds that

1 1
T4 = ST (FV,X) — Te(j&X),  and Y- T (F“bX) . (56)
g —_— — g- . ,
soft-current hard-current

charge-aspect

Ex. 6: Prove it!



The solution is
Js —C% = Ix0*—Tr(j,X)— Tr(E*X)
1 a 1 o _ :a
= ?Tr(FabeX) — Tr(j2 X) —Tr (X (gzvab - Jm))
1 ab
= <g2Tr (F X)) . (57)

ab
X

This means that in QC'D we have an infinite number of [ocal charges of symmetries. These
are boundary charges

Qs[X] = /S QX. (58)

And they form a non-abelian group of symmetry.! In QED this group is called the Spy
group.

Now that we understand the Conservation equation and Bianchi identities lets inves-
tigate the canonical property of the charges. Given the symplectic current, we define the
symplectic potential:

w = 46. (59)

For QCD this is w = w%, given by
1 1
W = ?Tr(éF“b NoA) = 5T ((vaaAb — VPSA) & 5Ab) . (60)

The Symplectic potential is a 2-form in field space and a codimension one form. It can
therefore be integrated over codimension one manifold ¥ embedded in space-time to define

the symplectic structure
QZ = / w. (61)
N

It is customary to define X at a constant time slice 7" = ¢ of a global foliation. Here as
the figure shows (??) we do not have to restrict to a given foliation or a particular time-
slice. The question arises whether the symplectic structure depends on the codimension
one surface that one choses to evaluate it? The fact that it doesn’t for on-shell variations,
that is variations that preserves the

Taking the differential of the defining equation (67) and using that 62 = 0 we get

(62)

This equation is the classical version of the unitarity condition. WE call it Noether 0-th
Law. Given two cohomologous hypersurface 0¥ = 9%’ enclosing a region R such that
OR =Y U (=Y) ( see fig. 2) , Noether zeroth law means that

Qs — Qg = / SE=0. (63)
R
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This means that the symplectic potential is conserved. If the two regions intersect the
boundary at different time then we need to impose boundary conditions that insure that
the boundary symplectic potential vanish. This is the reason behind Dirichlet or Neuman
boundary conditions.
Given the symplectic potential we can define the bracket of two Noether current to be
given by
{JX,Jy} = w(X,Y) = —IXIyw. (64)

This bracket satisfy Jacobi-identity, since dw = 0. The bracket of charges is therefore

{Qs(X),Qs(M)} = Qs([X,Y])),  {Q"(2),Q"()} = F*Q(x)d? (x,y). (65)

3 Lecture 3: Edge modes and Gravity

Summary: Let us summarise this lecture. We denote € the volume form' and we consider
the Lagrangian density L(¢) = L(¢)e for a set of fields ¢,. Its variation defines the
symplectic potential and the equations of motion.

OL(¢) = d8(¢,80) — E(9,09),  E=0¢aE". (67)
The Lagrangian variation is a sum of a boundary term plus the equations of motion.
E =09 E,, 0 = 0%, (68)

where we denote the basis of codimension-one forms by €, = 15,€ and 0 = 0%, is a d — 1-
form on M, determined by the symplectic current 6%, it is also a 1 form in field space. E
is also a one-form on field space and a volume form.

We have seen the property of unitarity, Noether zeroth-law:

0E=dw, w=266.| (69)

By contracting the defining equation with a symmetry transformation and using that
LxL =1Ixd0L = dlx we get that

IxE=dJx, Jx:=1Ix0—lx.| (70)

This gives us Noether first property: The Noether current is conserved on-shell.
Moreover of gauge transformation dx¢, = D,X, we have that the Bianchi identity is
satisfied:
IxE=dCx — X - (D] E*) = dC. (71)

Lwhich is given by
e:=g(dz' A Ada?). (66)
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Here C'x := X -E%¢, is a “constraint” a quantity that vanish when the equations of motions
are imposed.

From this we conclude that we have the Bianchi identity and the trivial conservation
law We have seen that

d(Jx —Cx)=0, DIE*=0. (72)
This means that
Jx = JEM 4+ Jhard — Oy +dQy. (73)

That is the current which is a sum of a soft component due to the gauge fields and a hard
component due to the sources is a pure boundary term on-shell. This means that we have
a new form of charge conservation in any gauge theory

dQx = JR" + T3, (74)

Holography: The previous conservation law is equivalent to the validity of the equations
of motion. If One defines the boundary charges

Qx — ggTr(*FX), (75)
we have the conservation equation:
Qe (X) = Qs(X) = [ T@aX nsF)+ [ TXj)  @s¥)= [Qx  (70)
5 b s

where 0¥ = S’ U S. Here we need to empphasize that we have an infinite number of
charges. This are local charge of symmetry not gauge. One for each spherical Harmonics
X =Yy, 7o with 7, a basis of g.

Qtma = / }/ZmQZbeab- (77)
S
where « labels a basis of the Lie algebra g.

3.1 Symmetry and equations of motion

Now that we have the symplectic potential we want to understand whether we have Noether
third identity: That is is it true that not only the Noether current is also the canonical
generator of gauge transformations? That is we are want to know if it is true that

Ixw—+6Jx =07 (78)

It turns out that there exist an anomaly in this equation. We are going to show that in

fact we have
Ixw+d6Jx =ddx. (79)
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where Jx is the symplectic anomaly. The presence of this anomaly term violates the
on-shell conservation of the symplectic structure when §9¥x # 0 since Lxw = dédx. The
fact that the symplectic structure is not preserved means that the numbers of degrees
of freedom of the system is not preserved by the evolution. This is the Hallmark of open
systems and what this means is that we are not tracking all the relevant degrees of freedom
necessary to understand the symmetry of the system.

The resolution of this fundamental puzzle rely in accepting that we are missing certain
degrees of freedom and that we therefore have to add them back to our description in order
to have a complete description. The main point is that the missing degrees of freedom are
related to boundary terms. Indeed if we integrate (?7) on a region 3 with boundaryS then
we get

LxQy = / 5. (80)
S

And of course if 0¥ = () then the theory is unitary. The missing degrees of freedom are
therefor associated with the edges of our spacelike regions, they are edge modes.

The way we reveal these edge mode is by identifying a boundary symplectic structure
denoted ¥ which is a one-form in Field space and a codimension 2 form in spacetime such
that the anomaly can by written

5(l9x+LX’l9)£0. (81)

As we will see doing so requires adding boundary goldstone modes, new degrees of freedom
that renders the theory unitary. When this is the case we can define an extended symplectic
potential and an extended charge

Ot = 6 + dv, JE = Jx + dIxv. (82)

This potential is such that
dJS + Ixw®™t =0, (83)

which insures that X is Hamiltonian and that J* is its Hamiltonian generator.

Ex. 7: Prove it!.
This follows from

waext =Ixyw+dlxdd=—-0Jx +ddx + d(LXGeXt — (sfxeeXt) = —(5(JX + IXGeXt). (84)

We are now going to study the general structure of the symplectic anomaly, that deter-
mines the nature of the edge modes. What we are going to show in the case of QC'D and
in the case of gravity, but which holds in general is the following. First given a symmetry
transformation X acting on fields space, there exist a space-time vector field X* acting on
spacetime which is such that

LxE = IjxE+diE. (85)

13



The symplectic anomaly can be written explicitely in terms of this vector field and the
charge aspect as

Ox = tx10 + Qsx- (86)
Given this we can now prove that?
(IR VY = IRy Iixy) = [Dx, Iy (87)

3.2 QCD Edge mode

We now show that for QCD the symplectic anomaly takes the form (86) with X# = 0. We
have seen that 6 F = dw and that Ix = dJx therefore we get that

LxE:Ix5E+(5fxE:Ide+5dJX:d(IXOJ-i-(SJ)(). (88)

This shows that
0Jx +Ixw=dix. (89)

where ¥x is a one-form on field space and a codimension 2 form on space-time. As we
will see it can be interpreted as the edge mode symplectic potential. We can evaluate this

directly for QCD. We find

Ixw+0Jx = Lx0 — dlx = Jsx. (90)
This follows from this in QCD:
Lx0% — 0% = glgTr(F“be(SX) —0Xj%
= glzﬁbTr(F“béX) + ;Tr(VbeacSX) .
= Q% + Tr(EW%X) = Jg. (91)

One introduce )
9 = —ngY(Fbaw‘15w), 9= —Qyp15, (92)
where ¢ € G is a group valued field, and define
LxA=VX, Lxyp=pX. (93)

This satisfy the identity Lxv = —dQsx.
Ex. 8: Prove it!.

This follows form LxF = [F, X] and Lx (¢ 10¢) = [¢16p, X] + §X. In this case we
have that Ix?¥ = —@Qx. Therefore we have that the extended symplectic potential is

6t = 912Tr(*F ANSA) —d <912Tr(*Fg015<p)> : (94)

2Central extension
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The extended Noether charge is then
JE = Jx +dIx9 = Cx =0. (95)

Therefore we see that the edge modes not only restore the unitarity but also the gauge
invariance. What is remarkable is that this induces in terms a new form of symmetry: One
can look at the edge mode transformation

This transformation is Hamiltonian and the generator of the symmetry transformation is
Qx = IXHGN given by

1
Qx = S Tr(xpFe™'X). (97)
This charge is gauge invariant: it commutes with the Constraint

{Jx,Qy} = 0. (98)

3.3 Edge mode or no edge modes

WE could also have decided that the Hamiltonian parameter is not part of phase space
6X = 0. In this case Jx is no longer a gauge generator, the variables conjugated to
boundary gauge transformations becomes physical and we have new physical degrees of
freedom anyway.

4 Lecture 4*: Gravitational Edge modes and BH entropy

This lecture starts with two exercises:
Ex. 9: Ex 3: Compute (0, l¢Je, Ce, Q) for gravity. One start with the Lagrangian

€ 1

L= - —A
8rG <2R(g) > (99)

with R = g® Ry, and [V, Vy]v® = Rgv.

Ex. 10: First establish that

STEg" — 6TSg") = ——Vy[3g™ — g™dgle, (100)

6%q. o
lg,09] = oG

167 G(

Here we used the abbreviated notation §g = ¢*dgqp, and 6g% = ¢%¢*%6g.q (i.e. 6g®
the variation of the metric with the indices raised, not the variation of the inverse metric,
which is given by §(g?%) = —§¢?)0.
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