Black hole fireworks: quantum-gravity effects outside the horizon spark black to white
hole tunneling

Hal M. Haggard* and Carlo Rovellif
Aiz-Marseille Université and Université de Toulon, CPT-CNRS, Luminy, F-13288 Marseille
(Dated: Fourth of July, 2014)

We show that there is a classical metric satisfying the Einstein equations outside a finite spacetime
region where matter collapses into a black hole and then emerges from a white hole. We compute
this metric explicitly. We show how quantum theory determines the (long) time for the process to
happen. A black hole can thus quantum-tunnel into a white hole. For this to happen, quantum
gravity should affect the metric also in a small region outside the horizon: we show that contrary to
what is commonly assumed, this is not forbidden by causality or by the semiclassical approximation,
because quantum effects can pile up over a long time. This scenario alters radically the discussion

on the black hole information puzzle.

I. WHAT HAPPENS AT THE CENTER OF A
BLACK HOLE?

Black holes have become conventional astrophysical
objects. Yet, it is surprising how little we know about
what happens inside them. Astrophysical observations
indicate that general relativity (GR) describes well the
region surrounding the horizon (see e.g. [1]); it is plau-
sible that also a substantial region inside the horizon is
well described by GR. But certainly classical GR fails
to describe Nature at small radii, because nothing pre-
vents quantum mechanics from affecting the high curva-
ture zone, and because classical GR becomes ill-defined
at r=0 anyway. The current tentative quantum gravity
theories, such as loops and strings, are not sufficiently
understood to convincingly predict what happens in the
small radius region, so we are quite in the dark: what
ultimately happens to gravitationally collapsing matter?
Does it emerge into a baby universe (as in Smolin’s cos-
mological natural selection [2])? Does it vanish myste-
riously “into a deep interior where space and time and
matter as we know them lose their meaning”? ...

There is a less dramatic possibility, which we explore
in this paper: when matter reaches Planckian density,
quantum gravity generates sufficient pressure to coun-
terbalance the matter’s weight, the collapse ends, and
matter bounces out. A collapsing star might avoid sink-
ing into r=0 much as a quantum electron in a Coulomb
potential does not sink all the way into »r=0. The pos-
sibility of such a Planck star phenomenology has been
considered by numerous authors [3-13]. The picture is
similar to Giddings’s remnant scenario [14], here with a
macroscopic remnant developing into a white hole. Here
we study if it is compatible with a realistic effective met-
ric satisfying the Einstein equations everywhere outside
the quantum region.

Surprisingly, we find that such a metric exists: it is
an exact solution of the Einstein equations everywhere,
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including inside the Schwarzschild radius, except for a
finite—small, as we shall see—region, surrounding the
points where the classical Einstein equations are likely to
fail. It describes in-falling and then out-coming matter.

A number of indications make this scenario plausible.
Héjcek and Kiefer [15] have studied the dynamics of a
null spherical shell coupled to gravity. The classical the-
ory has two disconnected sets of solutions: those with the
shell in-falling into a black hole, and those with the shell
emerging from a white hole. The system is described by
two variables and can be quantized exactly. Remarkably,
the quantum theory connects the two sectors: a wave
packet representing an in-falling shell tunnels (undergo-
ing a quantum “bounce”) into an expanding wave packet.
Héjcek and Kiefer do not write the effective metric that
describes this process; here we do.

A similar indication for the plausibility of this scenario
comes from loop cosmology: the wave packet represent-
ing a collapsing universe tunnels into a wave packet rep-
resenting an expanding universe [16]. Again, the quan-
tum theory predicts tunnelling between two classically
disconnected sets of solutions: collapsing and expanding.
In this case, an effective metric is known that describes
the full process [17], and indeed does so in a surprisingly
accurate way [18]; it satisfies the classical Einstein equa-
tions everywhere except for a small region where quan-
tum effects dominate and the classical theory would be-
come singular.

The technical result of the present paper is that such
a metric exists for a bouncing black to white hole. It
solves the Einstein equations outside a finite radius and
beyond a finite time interval. Its existence shows that
it is possible to have a black hole bouncing into a white
hole without affecting spacetime at large radii. The quan-
tum region extends just a bit outside r = 2m and has
short duration. The metric describes also the region in-
side r = 2m. A distant observer sees a dimming, frozen
star that reemerges, bouncing out after a very long time
(computed below), determined by the star’s mass and
Planck’s constant.

Two natural obstacles have made finding this metric
harder. The first is its technical complication: the met-
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ric we find is locally isometric to the Kruskal solution
(outside the quantum region), but it is not a portion of
the Kruskal solution. Rather, it is a portion of a double
cover of the Kruskal solution, in the sense that there are
distinct regions isomorphic to the same Kruskal region.
This is explained in detail below, and is the technical core
of the paper.

But the larger obstacle has probably been a widespread
uncritical assumption: that Nature should be well ap-
proximated by one and the same solution of the classical
equations in the entire region where curvature is small.
This is a prejudice because it neglects the fact that small
effects can pile up in the long term. If a perturbation is
small, then the true dynamics is well approximated by an
unperturbed solution locally, but not necessarily globally:
a particle subject to a weak force € F' where ¢ <1 moves
as ¢ = x, + vot + %e Ft2. For any small time interval
this is well approximated by a motion at constant speed,
namely a solution of the unperturbed equation; but for
any € there is a t ~ 1/4/€ long enough for the discrepancy
between the unperturbed solution and the true solution
to be arbitrarily large.

Quantum effects can similarly pile up in the long term,
and tunneling is a prime example: with a very good ap-
proximation, quantum effects on the stability of a single
atom of Uranium 238 in our lab are completely negligible.
Still, after 4.5 billion years the atom is likely to have de-
cayed. Outside a macroscopic black hole the curvature is
small and quantum effects are negligible, today. But over
a long enough time they may drive the classical solution
away from the exact global solution of the classical GR
equations. After a sufficiently long time, the hole may
tunnel from black to white. This is the key conceptual
point of this paper, and is discussed in detail in Section
II, where we show, in particular, that there is no causality
violation involved in this effect.

Importantly, the process is very long seen from the
outside, but is very short for a local observer at a small
radius. Thus, classical GR is compatible with the possi-
bility that a black hole is a (quantum) bouncing star seen
in extreme slow motion. The bounce could lead to ob-
servable phenomena [12] whose phenomenology has been
investigated in [13].

Anticipating what we find below, quantum effects can
first appear at a radius

rw%Qm (1)

after an (asymptotic) proper time of the order

m2

T~ ﬁa (2)

where [p is the Planck length (we use units where the
speed of light and Newton’s constant are ¢ = G = 1).
This time is very long for a macroscopic black hole (it is
equal to the Schwarzschild time multiplied by the ratio
between the mass of the collapsing object and the Planck

mass; this is huge for a star), but is shorter than the
Hawking evaporation time, which is of order m?. There-
fore the possibility of the bounce studied here affects rad-
ically the discussion about the black hole information
puzzle.

A word about the relation between our results and
the firewall discussion [19] is thus perhaps useful. The
firewall argument indicates that under a certain number
of assumptions “something strange” appears to have to
happen at the horizon of a macroscopic black hole. Here
we point out that indeed it does, independently from the
Hawking process, but it is a less dramatic phenomenon
than expected: the spacetime quantum tunnels out of the
black hole and this can happen without violating causal-
ity because over a long stretch of time quantum gravi-
tational effects can accumulate outside the horizon and
modify the metric beyond the apparent horizon.

In the next section, Section II, we give a preliminary
discussion of the quantities in play by studying a simple
situation where no actual horizon develops, but a param-
eter can be tuned to approach a situation with horizon.
This allows us to discuss the timing and the location of
the appearance of quantum effects outside the horizon.
In Section III we define precisely the problem we want
to solve, namely the characteristic of the metric we are
seeking. This metric is constructed in Section IV. In Sec-
tion V we show that the process has short duration seen
from the inside and long duration seen from the outside.
In Section VI we determine all the constants left free in
the definition of the metric. Section VII summarises our
results and discusses how it could be connected to a full
fledged theory of quantum gravity.

II. PRELIMINARY DISCUSSION: THE
CRYSTAL BALL

Consider a ball of radius a with perfectly reflective
surface, a mass negligible for the present discussion, at
rest in flat space. Consider an incoming shell of light,
with total energy m centered on the center of the crystal
ball, coming in from infinity. What happens next?

The answer depends on the relation between m and
a. Suppose first that a > 2m. Then we are in a non-
relativistic regime. Outside the collapsing shell the met-
ric is just the (large-radius part of the) Schwarzschild
metric of mass m. The shell moves in until 7 = a then
bounces out. In a two-dimensional conformal diagram,
the situation is illustrated in Figure 1.

Consider an observer sitting at a reference radius R.
He will measure a proper time 27 between the moment
the shell passes him incoming and the moment it passes
him outgoing. We call 7z the “bounce time”, seen by the
observer at R. Let us study how it depends on a and R.
As long as a>>2m, we can neglect relativistic effects, and
we have trivially 7 = R — a: the time it takes light to
reach the mirror. If we decrease the radius a of the ball,
the time 7 increases. When a becomes of the order of 2m



FIG. 1. The crystal ball is in grey, the thick lines represent
the bouncing shell of light. The dotted line is the observer
and the bounce time 7 is indicated in blue.

(but still a>2m), we enter a general relativistic regime,
and we must take this into account; the dependence of
on a and R becomes more interesting. The metric outside
the shell is Schwarzschild (the region to the right in the
conformal diagram). In null Kruskal coordinates this is

_ 32m3

ds* = e~ zm dudv 4 r*d0?, (3)

where d? is the metric of the unit sphere and r(u, v) is
determined by

r

(1 - 2—) e = u. 4)

m

If we place the bounce at (u+4v)=0, which corresponds
with ¢ = 0, the trajectory of the incoming shell, an in-
coming null ray, is v = v,, where v, is determined by
the position of the bounce, which in turn can be found
inserting u=—v and r=a in the last equation. That is
a a
1-— —) e = —p2. 5

( 2m ° 5)
The bounce time 7 along the r = R worldline is (mi-
nus) the Schwarzschild time ¢ of the intersection point
multiplied by the red shift factor

TRz—,/l—%’”t. (6)

The Schwarzschild time in terms of the Kruskal coordi-
nates is given by
' 4t
V=y/z——1leim
2m

(7)

Inserting r = R and v = v, from the previous equation,
we finally get

/ 2m a—2m

This is a key quantity for our discussion: the bounce
time (half the time to the reencounter with the emerging
shell), measured by an observer at R, given the mass m
and the bouncing radius a. To study it, let us first take
our observer at large radius R > 2m. Then the above
expression simplifies to

a—2m

. 9)

TR~ (R—a)—2mln

The term (R—a) is the non relativistic value of the bounc-
ing time. The logarithmic term is the relativistic correc-
tion. Something interesting happens when a — 2m. The
argument of the In becomes arbitrarily small, therefore
the bouncing time becomes arbitrarily large:

TR — —00. (10)
a—2m
Remarkably, this divergence is achievable for any fixed
value of the position of the observer R > 2m. Hence,
as the mirror’s extent a approaches the Schwarzschild
radius, all observers agree that it takes “a long time for
the process to happen.”

Let us discuss the physics of this bouncing time 7 in
detail, since it is crucial for the following. From the point
of view of the observer at the (finite) radius R, there is a
shell incoming at some time and then a shell coming out
an enormous amount of time later. How so?

The simple interpretation is in terms of standard time
dilation: let us unfreeze the observer’s position R. Near
the bounce, R ~ a, the bouncing proper time is of course
short; the shell reaches the crystal ball and bounces out
always moving at the speed of light. So the bouncing
process is fast, seen locally. But since the bounce happens
in a region close to r = 2m, the slowing down of the local
time with respect to an observer far away is huge (as
large as a is close to 2m). Locally, everything happens
fast, but for the observer at R > 2m everything happens
in slow motion: in terms of his proper time, he sees the
shell slowing down (and dimming) while approaching the
crystal ball, then lingering a huge amount of time near
the mirror, and eventually very slowly the light comes
out. All this, we stress, is standard general relativity.

If a is precisely at 2m, the waiting time for the light to
come out becomes infinite. What happens is of course
that the shell is now so compressed that it generates
enough force of gravity to keep the light in. According
to classical general relativity, the light remains trapped
forever and a singularity forms. But this picture cannot
be right, because of quantum theory. So, let us step back
to a > 2m and ask whether and how quantum theory can
come into the game.

To answer, say that a — 2m is small and consider an
observer at a radius R not much larger than a. For this
observer we cannot utilise the approximation (9) and we
must use the complete expression (8) for the bounce time.
During the bounce time, the curvature at the observer
position is constant in time and is of the order of R ~
m/R3. (For instance the Kretschmann invariant is R? =



ROYCAR g = 4%’(?2 .) Since R > 2m, curvature is small
if m is large. We expect local quantum gravity effects to
be small in a small curvature region.

But consider the possibility of a cumulative quantum
effect, like in quantum tunnelling or the decay of a ra-
diative atom: the decay probability is small, but if we
wait long enough the atom will decay. Then there is one
additional parameter affecting the validity of the classi-
cal theory: the duration of the event. So, the relevant
parameter for classicality is, on dimensional grounds,

q=15"R 7, (11)

with b reasonably taken in the range b € [%, 2]. A good
guess is b = 1, for the following reason. A quantum cor-
rection of first order in A to the vacuum Einstein equa-
tions Ricci = 0 must have the form

Ricci + 2R = 0. (12)

Therefore the force of quantum origin that drives the field
away from the classical solution is € F' ~ lng. Integrat-
ing this in time can give a cumulative effect of the order
lf,RQtQ, as for the particle example in the introduction.
Therefore we remain in the classical region only as long
as ¢ < 1, with

g=Ip R, (13)

which corresponds to b = 1. Since this heuristic argu-
ment is not very strong, we leave b undetermined below,
to show that our point does not strongly depend on it.

Note that ¢ may become of order unity for a close
enough to 2m and after a sufficiently long elapsed time.
In other words: there is no reason to trust the classical
theory outside the horizon for arbitrarily long times and
sufficiently close to r = 2m. This is the key conceptual
point on which this paper is based.

Let us see where and when the classical theory can fail.
The bounce time 7 diverges for any R as a — 2m. The
divergence is weak, logarithmic, so for a large mass we
need a very close to 2m to get ¢ of order unity. Using (8)
and the form of the curvature, we have, explicitly

2-b _
q:mlp < IQm[RaZmlna Qm]

R3 R R—2m
(14)
Let us start by inquiring where quantum effects are first
likely to appear. This is given by the maximum of ¢ in
R, in a regime of a near to 2m. To find the radius R,
where quantum effects first appear, let us therefore take
the derivative of ¢ with respect to R and equate it to
zero. After a little algebra, this can be written as:

9 a—2m
(15)

For small a —2m, the logarithmic term dominates, there-
fore the L.h.s can only vanish if the term in square paren-
thesis nearly vanishes. This gives easily the maximum

R, =2m (1 + Z) +O(a — 2m), (16)

which is a finite distance, but not much, outside the
Schwarzschild radius. This is where quantum effects can
first appear. Notice the nice separation of scales; the re-
sult R, becomes independent of @ in the a — 2m limit.
The quantum effects appear right where they most rea-
sonably should appear: at a macroscopic distance from
the Schwarzschild radius, which is necessary for the long
bounce time, but close to it, so that the curvature is still
reasonably large.

Let us now compute when quantum effects are first
likely to appear, at this radius. Inserting the value of the
radius we have found in ¢ we have

b, 2_p b
_ 27(4b)2lbp (1+b+a_ln3a—6m> .
(b+6)3t2m2-0 6  2m bm
(17)
In the limit where a is near 2m again it is the In that
dominates and this reduces to

qg=km"2p* " (=In(a —2m))", (18)
where k is just a number: k = 27(4b)2 /(b + 6)3F2. We
can have significant quantum effects if ¢ ~ 1 namely if

2/b—1
1-2/bM
—In(a—2m) =1y / S0

(19)

Inserting this determination of a into the bounce time,
we have

TR (QZpl_%kb) mh. (20)

In the likely case b = 1 the quantum effects appear at a
distance
7
R=-2m (21)
6
namely a small macroscopic distance outside the
Schwarzschild radius, after an asymptotic time

2
=2k . (22)
lp

That is: it is possible that quantum gravity affects the
exterior of the Schwarzschild radius already at a time of
order m2.

Notice that this effect has nothing to do with the r = 0
singularity: there is no singularity, nor a horizon in the
physics considered in this section.

This is why the argument according to which there
cannot be quantum gravity effects outside the horizon,
since this region is causally disconnected from the interior
of the horizon, is wrong. In fact, as we have seen, there



is room for quantum gravity effects even if there is no
interior of the horizon at all.

We now leave the example, and address the main ques-
tion of the paper: the construction of the metric of a
bouncing hole.

III. TIME-REVERSAL, HAWKING RADIATION
AND WHITE HOLES

General relativity is invariant under the inversion of
the direction of time. This suggests that we can search
for the metric of a bouncing star by gluing a collapsing
region with its time reversal, where the star is expand-
ing [20]. This is what we shall do. In doing so, we are
going to disregard all dissipative effects, which are not
time symmetric. For instance, the trajectory of a ball
that falls down to the ground and then bounces up is
time reversion symmetric if we disregard friction, or the
inelasticity of the bounce. In a first approximation, dis-
regarding friction and inelasticity, the ball moves up after
the bounce precisely in the same manner it fell down. In
the same vein, we disregard all dissipative phenomenon
as a first approximation to the bounce of the star.

In particular, we disregard Hawking radiation. This
requires a comment. A widespread assumption is that
the energy of a collapsed star is going to be entirely car-
ried away by Hawking radiation. While the theoretical
evidence for Hawking radiation is strong, we do not think
that the theoretical evidence for the assumption that the
energy of a collapsed star is going to be entirely carried
away by Hawking radiation is equally strong. After all,
what other physical system do we know where a dissi-
pative phenomenon carries away all of the energy of the
system?

Hawking radiation regards the horizon and its exterior:
it has no major effect on what happens inside the black
hole. Here we are interested in the fate of the star after it
reaches (rapidly) » = 0. We think that it is also possible
to study this physics first, and consider the dissipative
Hawking radiation only as a correction, in the same vein
one can study the bounce of a ball on the floor first and
then correct for friction and other dissipative phenomena.
This is what we are going to do here.

Dissipative effects, and in particular the back reaction
of the Hawking radiation can then be computed start-
ing from the metric we construct below. The form given
below should be particularly suitable for an analysis of
the Hawking radiation using the methods developed by
Bianchi and Smerlak [21, 22], since the map between fu-
ture and past null infinity needed for this method is en-
tirely coded in the junction functions between spacetime
patches.

What should we expect for the metric of the second
part of the process, describing the exit of the matter?
The answer is given by our assumption about the time
reversal symmetry of the process: since the first part of
the process describes the in-fall of the matter to form a

black hole, the second part should describe the time re-
versed process: a white hole streaming out-going matter.

At first this seems surprising. What does a white hole
have to do with the real universe? But further reflection
shows that this is reasonable: if quantum gravity cor-
rects the singularity yielding a region where the classical
Einstein equations and the standard energy conditions
do not hold, then the process of formation of a black
hole does not end in a singularity but continues into the
future. Whatever emerges from such a region is then
something that, if continued from the future backwards,
would equally end in a past singularity. Therefore it must
be a white hole. A white hole solution does not describe
something completely unphysical as often declared: in-
stead it is possible that it simply describes the portion
of spacetime that emerges from quantum regions, in the
same manner in which a black hole solution describes the
portion of spacetime that evolves into a quantum region.

Thus our main hypothesis is that there is a time sym-
metric process where a star collapses gravitationally and
then bounces out. This is impossible in classical general
relativity, because once collapsed a star can never exit
its horizon. Not so if we allow for quantum gravitational
corrections.

We make the following assumptions:

(i) Spherical symmetry.

(ii) Spherical shell of null matter: We disregard the
thickness of this shell. We use this model for
matter because it is simple; we expect our results
to generalise to massive matter. In the solution
the shell moves in from past null infinity, enters
its own Schwarzschild radius, keeps ingoing, enters
the quantum region, bounces, and then exits its
Schwarzschild radius and moves outwards to infin-
ity.

(iii) Time reversal symmetry: We assume the process is
invariant under time reversal.

(iv) Classicality at large radii: We assume that the met-
ric of the process is a solution of the classical Ein-
stein equations for a portion of spacetime that in-
cludes the entire region outside a certain radius, de-
fined below. In other words, the quantum process
is local: it is confined in a finite region of space.

(v) Classicality at early and late times: We assume that
the metric of the process is a solution of the classical
Einstein equations for a portion of spacetime that
includes all of space before a (proper) time € pre-
ceding the bounce of the shell, and all of space after
a (proper) time e after the bounce of the shell. In
other words, the quantum process is local in time:
it lasts only for a finite time interval.

(vi) No event horizons: We assume the causal structure
of spacetime is that of Minkowski spacetime.

This is quite sufficient to our purposes.
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FIG. 2. The spacetime of a bouncing star.

IV. CONSTRUCTION OF THE BOUNCING
METRIC

Because of spherical symmetry, we can use coordinates
(u,v,6,¢) with v and v null coordinates in the r-¢ plane
and the metric is entirely determined by two functions of
u and v:

ds* = —F(u,v)dudv + r*(u,v)(d6?* + sin? 0dp?)  (23)

In the following we will use different coordinate patches,
but generally all of this form. Because of the assumption
(vi), the conformal diagram of spacetime is trivial, just
the Minkowski one, see Figure 2. From assumption (iii)
there must be a “t = 0” hyperplane which is the surface
of reflection of the time reversal symmetry. It is con-
venient to represent it in the conformal diagram by an
horizontal line as in Figure 2. Now consider the incom-
ing and outgoing null shells. By symmetry, the bounce
must be at t = 0. For simplicity we assume (this is not
crucial) that it is also at r = 0. These are represented
by the two thick lines at 45 degrees in Figure 2. In the
Figure there are two significant points, A and &, that lie
on the boundary of the quantum region. The point A
has ¢ = 0 and is the maximal extension in space of the
region where the Einstein equations are violated. Point
£ is the first moment in time where this happens. We
discuss later the geometry of the line joining £ and A.

Because the metric is invariant under time reversal, it
is sufficient for us to construct it for the region below
t = 0 (and make sure it glues well with its future). The
upper region will simply be the time reflection of the
lower. The in-falling shell splits spacetime into a region
interior to the shell, indicated as I in the Figure and
an exterior part. The latter, in turn, is split into two
regions, which we call 11 and I1I, by the line joining £
and A. Let us examine the metric of these three regions
separately:

Vo

FIG. 3. Classical black hole spacetime and the region I1.

(I) The first region, inside the shell, must be flat by
Bhirkoff’s theorem. We denote null Minkowski co-
ordinates in this region (ur, vy, 8, ).

(II) The second region, again by Bhirkoff’s theorem,
must be a portion of the metric of a mass m,
namely it must be a portion of the (maximal ex-
tension of the) Schwarzschild metric. We denote
null Kruskal coordinates in this region (u,v,, @)
and the related radial coordinate 7.

(III) Finally, the third region is where quantum gravity
becomes non-negligible. We know nothing about
the metric of this region, except for the fact that it
must join the rest of the spacetime. We denote null
coordinates for this quantum region (ug,vq,6, ®)
and the related radial coordinate r,.

We can now start building the metric. Region I is
easy: we have the Minkoswki metric in null coordinates
determined by
vy —uy

TI(“Iv'UI) = 2 : (24)

It is bounded by the past light cone of the orgin, that is,
by

F(uI,UI) = 1,

vy = 0. (25)

In the coordinates of this patch, the ingoing shell is there-
fore given by v; = 0.

Let us now consider region II. This must be a por-
tion of the Kruskal spacetime. Which portion? Put an
ingoing null shell in Kruskal spacetime, as in Figure 3.
The point A is a generic point in the region outside the
horizon, which we take on the ¢ = 0 surface, so that
the gluing with the future is immediate. More crucial
is the position of the point £. Remember that £ is the
point where the in-falling shell reaches the quantum re-
gion. Clearly this must be inside the horizon, because
when the shell enters the horizon the physics is still clas-
sical. Therefore the region that corresponds to region 11
in our metric is the shaded region of Kruskal spacetime
depicted in Figure 3.

In null Kruskal-Szekeres coordinates the metric of the
Kruskal spacetime is given by

F(u,v) = eIm (26)
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FIG. 4. The portion of a classical black hole spacetime which
is reproduced in the quantum case. The contours r = 2m are
indicated in both panels by dashed lines.

with r the function of (u,v) defined by Eq. (4). The
region of interest is bounded by a constant v = v, null
line. The constant v, cannot vanish, because v = 0 is
an horizon, which is not the case for the in-falling shell.
Therefore v, is a constant that will enter in our metric.

The matching between the regions I and I1 is not dif-
ficult, but it is delicate and crucial for the following. The
v coordinates match simply by identifying vy = 0 with
v = v,. The matching of the u coordinate is determined
by the obvious requirement that the radius must be equal
across the matching, that is by

rr(ur,vy) = r(u,v). (27)

This gives

(1 S u1> e~ Wt = ww (28)

4m

which on the shell becomes
uy up
1 7) T 29
( + i) € U (29)
Thus the matching condition is

u(ur) = io (1 + ;%) e (30)
Thus far we have glued the two intrinsic metrics along
the boundaries. In order to truly define the metric
over the whole region one would also need to specify
how tangent vectors are identified along these bound-
aries, thus ensuring that the extrinsic geometries also
matched. However, and perhaps surprisingly, if the in-
duced 3-metrics on the boundaries agree it turns out that
it is not necessary to impose further conditions [23-25].
These works show that the prescription for gluing the
tangent spaces is, in that case, uniquely determined.
The matching condition between the region I and its
symmetric, time reversed part along the ¢ = 0 surface is
immediate. Notice, however, that the ensemble of these
two regions is not truly a portion of Kruskal space, but
rather a portion of a double cover of it, as in Figure 4:

FIG. 5. Some r = const. lines. A trapped region is a region
where these lines become space-like. There are two trapped
regions in this metric, indicated by shading.

the bouncing metric is obtained by “opening up” the two
overlapping flaps in the Figure and inserting a quantum
region in between.

It remains to fix the points £ and A, the line connecting
them and the metric of the quantum region. We take &
to be the point that has (uy,vr) coordinates (—2¢, 0) and
A the point that has Schwarzschild radius r = 2m+4J and
lies on the time reversal symmetry line v + v = 0. Here
€ and § are two constant with dimensions of length that
determine the metric. Lacking a better understanding of
the quantum region, we take the line connecting £ and A
to be the (spacelike) geodesic between the two. Finally,
we fix the metric in the region I1I as follows. We use
(uq,vq) that are equal to the (u,v) coordinates on the
boundary and choose simply

2 3 Tq
32m” ax, (31)

Flug,vq) = ,
q

where r, is the function of (ug, vg)

Tq = 5(”(1 — Ug)- (32)

This is only a simple first ansatz, to be ameliorated as
understanding of this region and of quantum gravity
improves. What is important is that the r, = const.
surfaces are again timelike in region II1. Therefore
region II1 is outside the trapped region. The trapped
region is bounded by the incoming shell trajectory, the
null » = 2m horizon in the region I1, and the boundary
between region I1 and region III. The two trapped
regions are depicted in Figure 5.

This concludes the construction of the metric, which
is now completely defined. It satisfies all the require-
ments with which we began. It describes, in a first ap-
proximation and disregarding dissipative effects, the full
process of gravitational collapse, quantum bounce and



explosion of a star of mass m. It depends on four con-
stants: m,v,,d, €, whose physical meaning will be dis-
cussed below. In the following sections we study some of
its properties.

V. EXTERIOR TIME, INTERIOR TIME

Consider two observers, one at the center of the sys-
tem, namely at » = 0, and one that remains at radius
r = R > 2m. In the distant past, both observers are in
the same Minkowski space. Notice that the entire pro-
cess chooses a Lorentz frame: the one where the center
of mass of the shell is not moving. Therefore the two ob-
servers can synchronise their clocks in this frame. In the
distant future the two observers find themselves again in
a common Minkowski space with a preferred frame and
therefore can synchronise their clocks again. However,
there is no reason for the proper time 7, measured by
one observer to be equal to the proper time 7z measured
by the other one, because of the conventional, general
relativistic time dilation. Let us compute the time differ-
ence accumulated between the two clocks during the full
process.

The two observers are both in a common Minkowski
region until the shell reaches R while falling in and they
are again both in this region after the shell reaches R
while going out. In the coordinate system (t; = (v; +
ur)/2, rr = (vy —uy)/2) of the region I, these are the
points with coordinates (—R, R) and (R, R) respectively.
The two simultaneous points for the inertial observer at
r = 0are (—R,0) and (R,0) and his proper time is clearly

70 =2R. (33)

Meanwhile, the observer at » = R sits at constant ra-
dius in a Schwarzschild geometry. The proper time be-
tween the two moments she crosses the shell is twice the
time from the first crossing to the t = 0 surface. This is
analogous to twice the bounce time we have computed in
Section II, but let us redo the calculation here, to avoid
confusion, since the overall context is different (the rele-
vant parameter is v, rather than a). Since the observer
is stationary, the proper time is given by

1
2
TR =2 (1 - 2]7:) t, (34)

where ¢ is the Schwarzschild time. Therefore the proper
time can simply be found by transforming the coordi-
nates (u,v) to Schwarzschild coordinates. The standard
change of variables to the Schwarzschild coordinates in
the exterior region r > 2m is

U+ v r 3 t
- 1) Im sinh —
5 (Qm eTm sin o (35)

vV—u T 3 t
5 = (% — ].) eim cosh % (36)

Along the shell’s in-fall v = v, and so

t=4mln ((Rvo)me_‘:}”> . (37)

Therefore the total time measured by the observer at
radius R is

2 -2
TR:HI——m 2R—8mlnvo+4mlnu .
R 2m

(38)
If the external observer is at large distance, R > 2m, we
obtain, to the first relevant order, the difference in the
duration of the bounce measured outside and measured
inside to be

T=TR — Ty = —8mlnvo. (39)

This can be arbitrarily large as v, is arbitrarily small.
The process seen by an outside observer takes a time
arbitrarily longer than the process measured by an ob-
server inside the collapsing shell.
In the next Section we determine v,, and therefore the
duration of the bounce seen from the outside.

VI. THE CONSTANTS OF THE METRIC AND
THE BREAKING OF THE SEMICLASSICAL
APPROXIMATION

The metric we have constructed depends on the mass
m and three additional constants: v,,€,6. We now de-
termine all of them as functions of m.

The constant e fixes the moment in which the collaps-
ing shell abandons the region where the classical theory
is reliable. In quantum gravity, we exit the quantum re-
gion when the matter density, or the curvature, reaches
the Planck scale (see a full discussion in [17]). This must
also be true for black holes [3, 8, 10-12]. The curva-
ture R is of the order m/r® and reaches the Planck value
R ~ 1;2 when

1
3
~(miz)E = () 1p. 40

r~ (mlp)3 <m?}jD P (40)

Here Ip and mp are the Planck length and the Planck
mass. Therefore we expect the parameter € to be of the

order
3
€~ (”;) Ip. (41)

mp

The parameter § is the most important of all. To un-
derstand its meaning, consider the quantum region I11.
A part of it is inside r = 2m. This is very reasonable,
since this part surrounds the region where the classical
singularity would appear. However, a part of the region
111 leaks outside the r = 2m sphere. This is needed, if
we want to avoid the event horizon and have the bounce,



because if the entire region r > 2m were classical, an
event horizon would be unavoidable, as the r = 2m clas-
sical surface is null. If an event horizon forms matter
cannot bounce out and a singularity is unavoidable.

Thus the quantum effect must leak outside r = 2m.
We have shown in Section II that this can happen without
violating the validity of the semiclassical approximation,
because of the piling up of corrections. But we have also
seen that for this to happen we need a long time, which
we have estimated in Section II to be given by equation
(22). In order for the process to last this long, v, must
be small. Indeed, we have seen in the previous section
that the duration of the process is determined by v, via
equation (39). Bringing the two together we find the

condition
m2
T =-=8mlnv, > 74 =4k —, (42)
lp
that is
_k
Vo < e 2, (43)

which is very small for a macroscopic black hole. Let us
therefore fix v, to the value v, = e "2 that minimises
the bounce time and yet still yields a sufficiently long
time for quantum gravity to act. In turn, this fixes J,
because § is bounded from below by v,. The value of §
can easily be deduced from the discussion in Section II:
the quantum region needs to extends all the way to 7/6’th
of the Schwarzschild radius. That is, 2m +6 = Z(2m) or

5=

= (44)

Notice that § is of the order of the size of the black hole
itself.

Summarising, the metric we have constructed is deter-
mined by a single constant: the mass m of the collapsing
shell. The other constants are fixed in terms of the mass
and the Planck constants.

1
m 3
~ | — l 4
‘ <mis) P, (45)

Vo ~ e kot , (46)
5~ % (47)

A tentative time reversal symmetric metric describing
the quantum bounce of a star is entirely defined.

VII. RELATION WITH A FULL QUANTUM
GRAVITY THEORY

We have constructed the metric of a black hole tun-
nelling into a white hole by using the classical equations
outside the quantum region, an order of magnitude esti-
mate for the onset of quantum gravitational phenomena,
and some indirect indications on the effects of quantum
gravity. This, of course, is not a first principle derivation.
For a first principle derivation a full theory of quantum
gravity is needed.

However, the metric we have presented poses the prob-
lem neatly for a quantum gravity calculation. The prob-
lem now can be restricted to the calculation of a quantum
transition in a finite portion of spacetime.

The quantum region that we have determined is
bounded by a well defined classical geometry. Given the
classical boundary geometry, can we compute the cor-
responding quantum transition amplitude? Since there
is no classical solution that matches the in and out ge-
ometries of this region, the calculation is conceptually a
rather standard tunnelling calculation in quantum me-
chanics.

Indeed, this is precisely the form of the problem that is
adapted for a calculation in a theory like covariant loop
quantum gravity [26, 27]. The spinfoam formalism is de-
signed for this. Notice that the process to be considered
is a process that takes a short time and is bounded in
space. Essentially, we want to know the transition prob-
ability between the state with the metric on the lower to
upper £-A surfaces. This may be attacked for instance,
in a vertex expansion, to first order. If this calculation
can be done, we should then be able to replace the or-
der of magnitudes estimates used here with a genuine
quantum gravity calculation. And, in particular, com-
pute from first principles the duration 7 of the bounce
seen from the exterior. We leave this for the future.
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