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The event horizon is "a 
perfect unidirectional 
membrane: causal 
influences can cross it 
in only one direction”. 
—D. Finkelstein 1958



Gravitational 
Collapse

Why do black holes form?
The non-linearity of  
gravity leads to all sorts 
of  wonderful instabilities.

Fg = − G
Mm
r2

And (!):

Fg Fp

Pressure on this shell:

Fp = pA

Gravity for shell of  mass     :m

m = mo +
pV
c2

Fg = Fp ⇝ r ≲
2GM

c2

W



What are the spins of  black 
holes that form via collapse?
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Binary Black Holes 
in 

Gravitational Waves





Kepler’s 3rd Law

When the wave carries energy off, 
                 the black holes get closer.

R ⇝ PSmaller smaller

P3 =
4π2R2

G(M1 + M2)
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Far from the binary system...

h(t) = 𝒜(t)cos(Φ(t))

…you get a wave pattern that repeats with period       . Pgw



The wave begins to chirp
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h(t) = 𝒜(t)cos(Φ(t))

𝒜(t) =
2(Gℳ)5/3

c4r ( π
Pgw(t) )

2/3

and ℳ =
(M1M2)3/5

(M1 + M2)1/5



LIGO-Hanford

LIGO-Livingston VIRGO-Cascina







Some Fun Scales

Hal’s favorite scale: ℓPl =
ℏG
c3

∼ 10−35 m

Robservable universe ∼ RH ∼ 1026 m

Lyou ∼ 2 mSo, you (                        ) are closer to the size of  the 
observable universe, than to my favorite length scale!  
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Some Fun Scales

Hal’s favorite scale: ℓPl =
ℏG
c3

∼ 10−35 m

Robservable universe ∼ RH ∼ 1026 m

Lyou ∼ 2 mSo, you (                        ) are closer to the size of  the 
observable universe, than to my favorite length scale!  

But, interestingly, there are non-quantum Planck scales: 

tPl =
ℓPl

c
=

ℏG
c5

∼ 10−44 s and EPl =
ℏ
tPl

∼ 109 J

PPl =
EPl

tPl
=

ℏ
t2
Pl

=
c5

G
∼ 1052 W .





M1 ≈ 35.6M⊙

M2 ≈ 30.6M⊙
Mf ≈ 63.1M⊙



M1 ≈ 35.6M⊙ + M2 ≈ 30.6M⊙ − Mf ≈ 63.1M⊙ = 3.1M⊙

3.1M⊙c2/(0.2 s) ∼ 1048 W .

The collision let off  3 suns worth of  energy in about 0.2 seconds, 
which is 

Our guess,              , was essentially right. If  you put in all the 
details,

1052 W

P =
32
5

G4

c5

M2
1 M2

2(M1 + M2)
r5

,

and you get the right correction of          .10−4



How did they do something so spectacular?



How did they do something so spectacular?

I don’t know, ask Antonios!



The mirrors



M1 ≈ 23.3M⊙

M2 ≈ 13.6M⊙

Mf ≈ 35.7M⊙

M1 ≈ 13.7M⊙ M2 ≈ 7.7M⊙ Mf ≈ 20.5M⊙



What do the waves tell us?



Observation of  black-hole spins in GW events

Dimensionless spin

Effective initial spin
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Do all black holes spin?

Is there another way to 
form black holes?

Are these first 10 results 
typical?







GraceDB 
https://gracedb.ligo.org/superevents/

public/O3/ 

https://gracedb.ligo.org/superevents/public/O3/
https://gracedb.ligo.org/superevents/public/O3/
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The observable universe is nearly 
homogeneous and isotropic—

—and it’s dynamical(!):
ds2 = c2dt2 − a2(t)[dr2 + r2(dθ2 + sin2 θdϕ2)]

Recall Pythagoras 

ds2 = ds2
1 + ds2

2
ds1

ds2
ds



For fun, the metric
ds2 = c2dt2 − a2(t)[dr2 + r2(dθ2 + sin2 θdϕ2)]

H2 = (
·a
a )

2

=
8πG
3c2

ρ
··a
a

= −
4πG
3c2

(ρ + 3p)

·ρ = − 3H(ρ + p)

evolves according to the Einstein 
equations for the universe:



Strikingly, an ‘apparent’ horizon can form
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1600 molecules on the left, 
400 on the right

1400 molecules on the left, 
600 on the right

Equal left and right



In the early 1970’s Bekenstein and Hawking argued that  
black holes have an enormous entropy…



S(M, J) = k
A(M, J)
4 ℏG/c3



In the early 1970’s Bekenstein and Hawking argued that  
black holes have an enormous entropy…

…, but, of  course, this entropy is only present when 
a black hole can form. 



Bekenstein-Hawking Entropy and Gravitational Wave Observations: 
Statistical Equilibrium as a Mechanism for Small Black Hole Spins 



When do primordial BHs form?
Staller mass BHs are formed due to the QCD  
transition’s drop in pressure. This is after the 

formation of hadrons and before atoms form

Fig. 1 in Byrnes et al, 1801.06138 

Early Universe: during the QCD phase transition, 
the pressure drops
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Black-hole entropy and the spin distribution of  black holes

Number of  microstates at fixed

In thermal equilibrium 
   (at fixed energy       ),  
the probability that a BH  
has spin      is
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Prediction:  BHs in microcanonical equilibrium have small spins
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A population with final 
spin computed from fit 
of  numerical-relativity
[LIGO-T1600168]
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Event m1/M� m2/M� M/M� �e↵ Mf/M� af Erad/(M�c2) `peak/(erg s�1) dL/Mpc z �⌦/deg2

GW150914 35.6+4.8
�3.0 30.6+3.0

�4.4 28.6+1.6
�1.5 �0.01+0.12

�0.13 63.1+3.3
�3.0 0.69+0.05

�0.04 3.1+0.4
�0.4 3.6+0.4

�0.4 ⇥ 1056 430+150
�170 0.09+0.03

�0.03 180

GW151012 23.3+14.0
�5.5 13.6+4.1

�4.8 15.2+2.0
�1.1 0.04+0.28

�0.19 35.7+9.9
�3.8 0.67+0.13

�0.11 1.5+0.5
�0.5 3.2+0.8

�1.7 ⇥ 1056 1060+540
�480 0.21+0.09

�0.09 1555

GW151226 13.7+8.8
�3.2 7.7+2.2

�2.6 8.9+0.3
�0.3 0.18+0.20

�0.12 20.5+6.4
�1.5 0.74+0.07

�0.05 1.0+0.1
�0.2 3.4+0.7

�1.7 ⇥ 1056 440+180
�190 0.09+0.04

�0.04 1033

GW170104 31.0+7.2
�5.6 20.1+4.9

�4.5 21.5+2.1
�1.7 �0.04+0.17

�0.20 49.1+5.2
�3.9 0.66+0.08

�0.10 2.2+0.5
�0.5 3.3+0.6

�0.9 ⇥ 1056 960+430
�410 0.19+0.07

�0.08 924

GW170608 10.9+5.3
�1.7 7.6+1.3

�2.1 7.9+0.2
�0.2 0.03+0.19

�0.07 17.8+3.2
�0.7 0.69+0.04

�0.04 0.9+0.05
�0.1 3.5+0.4

�1.3 ⇥ 1056 320+120
�110 0.07+0.02

�0.02 396

GW170729 50.6+16.6
�10.2 34.3+9.1

�10.1 35.7+6.5
�4.7 0.36+0.21

�0.25 80.3+14.6
�10.2 0.81+0.07

�0.13 4.8+1.7
�1.7 4.2+0.9

�1.5 ⇥ 1056 2750+1350
�1320 0.48+0.19

�0.20 1033

GW170809 35.2+8.3
�6.0 23.8+5.2

�5.1 25.0+2.1
�1.6 0.07+0.16

�0.16 56.4+5.2
�3.7 0.70+0.08

�0.09 2.7+0.6
�0.6 3.5+0.6

�0.9 ⇥ 1056 990+320
�380 0.20+0.05

�0.07 340

GW170814 30.7+5.7
�3.0 25.3+2.9

�4.1 24.2+1.4
�1.1 0.07+0.12

�0.11 53.4+3.2
�2.4 0.72+0.07

�0.05 2.7+0.4
�0.3 3.7+0.4

�0.5 ⇥ 1056 580+160
�210 0.12+0.03

�0.04 87

GW170817 1.46+0.12
�0.10 1.27+0.09

�0.09 1.186+0.001
�0.001 0.00+0.02

�0.01  2.8  0.89 � 0.04 � 0.1 ⇥ 1056 40+10
�10 0.01+0.00

�0.00 16

GW170818 35.5+7.5
�4.7 26.8+4.3

�5.2 26.7+2.1
�1.7 �0.09+0.18

�0.21 59.8+4.8
�3.8 0.67+0.07

�0.08 2.7+0.5
�0.5 3.4+0.5

�0.7 ⇥ 1056 1020+430
�360 0.20+0.07

�0.07 39

GW170823 39.6+10.0
�6.6 29.4+6.3

�7.1 29.3+4.2
�3.2 0.08+0.20

�0.22 65.6+9.4
�6.6 0.71+0.08

�0.10 3.3+0.9
�0.8 3.6+0.6

�0.9 ⇥ 1056 1850+840
�840 0.34+0.13

�0.14 1651

TABLE III. Selected source parameters of the eleven confident detections. We report median values with 90% credible intervals that include
statistical errors, and systematic errors from averaging the results of two waveform models for BBHs. For GW170817 credible intervals
and statistical errors are shown for IMRPhenomPv2NRT with low spin prior, while the sky area was computed from TaylorF2 samples. The
redshift for NGC 4993 from [92] and its associated uncertainties were used to calculate source frame masses for GW170817. For BBH events
the redshift was calculated from the luminosity distance and assumed cosmology as discussed in Appendix B. The columns show source frame
component masses mi and chirp massM, dimensionless e↵ective aligned spin �e↵ , final source frame mass Mf , final spin af , radiated energy
Erad, peak luminosity lpeak, luminosity distance dL, redshift z and sky localization �⌦. The sky localization is the area of the 90% credible
region. For GW170817 we give conservative bounds on parameters of the final remnant discussed in Sec. V E.

proved method for estimating the power spectral density of
the detector noise [53, 54] and frequency dependent calibra-
tion envelopes [96]; (ii) we use two waveform models that in-
corporate precession and combine their posteriors to mitigate
model uncertainties.

Key source parameters for the ten BBHs and one BNS
are shown in Table III. We quote the median and symmet-
ric 90% credible intervals for inferred quantities. For BBH
coalescences parameter uncertainties include statistical and
systematic errors from averaging posterior probability dis-
tributions over the two waveform models, as well as cal-
ibration uncertainty. Apart from GW170817, all posterior
distributions of GW events are consistent with originating
from BBHs. Posterior distributions for all GW events are
shown in Figs. 4, 5, 7, 6, and 8. Mass and tidal deforma-
bility posteriors for GW170817 are shown in Fig. 9. For
BBH coalescences we present combined posterior distribu-
tions from an e↵ective precessing spin waveform model (IM-
RPhenomPv2) [25, 26, 49] and a fully precessing model
(SEOBNRv3) [27, 28, 30]. For the analysis of GW170817 we
present results for three frequency-domain models IMRPhe-
nomPv2NRT [25, 26, 32, 49, 97], SEOBNRv4NRT [29, 32,
97, 98], TaylorF2 [35, 36, 38, 99–111] and two time-domain
models SEOBNRv4T [31] and TEOBResumS [33, 112]. De-
tails on Bayesian parameter estimation methods, prior choices
and waveform models used for BBH and BNS systems are
provided in Appendix B. The impact of prior choices on se-
lected results is discussed in Appendix C.

A. Source parameters

The GW signal emitted from a BBH coalescence depends
on intrinsic parameters that directly characterise the binary’s
dynamics and emitted waveform and extrinsic parameters that
encode the relation of the source to the detector network. In
general relativity an isolated BH is uniquely described by its
mass, spin and electric charge [113–117]. For astrophysical
BHs we assume the electric charge to be negligible. A BBH
undergoing quasi-circular inspiral can be described by eight
intrinsic parameters, the masses mi and spin vectors ~S i of its
component BHs defined at a reference frequency. Seven ad-
ditional extrinsic parameters are needed to describe a BH bi-
nary: the sky location (right ascension ↵ and declination �),
luminosity distance dL, the orbital inclination ◆ and polariza-
tion angle  , the time tc and phase �c at coalescence.

Since the maximum spin a Kerr BH of mass m can
reach is (Gm2)/c we define dimensionless spin vectors ~�i =

c~S i/(Gm2
i ) and spin magnitudes ai = c|~S i|/(Gm2

i ). If the spins
have a component in the orbital plane, then the binary’s orbital
angular momentum ~L and its spin vectors precess [118, 119]
around the total angular momentum ~J = ~L + ~S 1 + ~S 2.

We describe the dominant spin e↵ects by introducing ef-
fective parameters. The e↵ective aligned spin is defined as a
simple mass-weighted linear combination of the spins [23, 24,
120] projected onto the Newtonian angular momentum L̂N ,
which is normal to the orbital plane (L̂ = L̂N for aligned-spin
binaries)

�e↵ =
(m1~�1 + m2~�2) · L̂N

M
, (4)
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FIG. 4. Parameter estimation summary plots I. Posterior probability densities of the masses, spins, and SNR of the GW events. For the
two-dimensional distributions, the contours show 90% credible regions. Left panel: Source frame component masses m1 and m2. We use the
convention that m1 � m2, which produces the sharp cut in the two-dimensional distribution. Lines of constant mass ratio q = m2/m1 are shown
for 1/q = 2, 4, 8. For low-mass events, the contours follow lines of constant chirp mass. Right panel: The mass Mf and dimensionless spin
magnitude af of the final black holes. The colored event labels are ordered by source frame chirp mass. The same color code and ordering
(where appropriate) apply to Figs. 5 to 8.

where M = m1 + m2 is the total mass of the binary, and m1 is
defined to be the mass of the larger component of the binary,
such that m1 � m2. Di↵erent parameterizations of spin e↵ects
are possible and can be motivated from their appearance in
the GW phase or dynamics [121–123]. �e↵ is approximately
conserved throughout the inspiral [120]. To assess whether a
binary is precessing we use a single e↵ective precession spin
parameter �p [124] (see Appendix C).

During the inspiral the phase evolution depends at leading
order on the chirp mass [34, 125, 126],

M =
(m1m2)3/5

M1/5 , (5)

which is also the best measured parameter for low mass sys-
tems dominated by the inspiral [100, 121, 127, 128]. The mass
ratio

q =
m2

m1
 1 (6)

and e↵ective aligned spin �e↵ appear in the phasing at higher
orders [100, 120, 122].

For precessing binaries the orbital angular momentum vec-
tor ~L is not a stable direction, and it is preferable to describe
the source inclination by the angle ✓JN between the total an-
gular momentum ~J (which typically is approximately constant
throughout the inspiral) and the line of sight vector ~N instead
of the orbital inclination angle ◆ between ~L and ~N [118, 129].
We quote frequency-dependent quantities such as spin vec-
tors and derived quantities as �p at a GW reference frequency
fref = 20Hz.

Binary neutron stars have additional degrees of freedom re-
lated to their response to a tidal field. The dominant quadrupo-
lar (` = 2) tidal deformation is described by the dimensionless
tidal deformability ⇤ = (2/3)k2

h
(c2/G)(R/m)

i5
of each neu-

tron star (NS), where k2 is the dimensionless ` = 2 Love num-
ber and R is the NS radius. The tidal deformabilities depend
on the NS mass m and the equation of state (EOS). The domi-
nant tidal contribution to the GW phase evolution is encapsu-
lated in an e↵ective tidal deformability parameter [130, 131]

⇤̃ =
16
13

(m1 + 12m2)m4
1⇤1 + (m2 + 12m1)m4

2⇤2

M5 . (7)

B. Masses

In the left panel of Fig. 4 we show the inferred component
masses of the binaries in the source frame as contours in the
m1-m2 plane. Because of the mass prior, we consider only sys-
tems with m1 � m2 and exclude the shaded region. The com-
ponent masses of the detected BH binaries cover a wide range
from ⇠ 5M� to ⇠ 70M� and lie within the range expected for
stellar-mass BHs [132–134]. The posterior distribution of the
heavier component in the heaviest BBH, GW170729, grazes
the lower boundary of the possible mass gap expected from
pulsational pair instability and pair instability supernovae at
⇠ 60 � 120M� [135–137]. The lowest-mass BBH systems,
GW151226 and GW170608, have 90% credible lower bounds
on m2 of 5.6 M� and 5.9 M�, respectively, and therefore lie
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FIG. 5. Parameter estimation summary plots II. Posterior probability densities of the mass ratio and spin parameters of the GW events.
The shaded probability distributions have equal maximum widths, and horizontal lines indicate the medians and 90% credible intervals of the
distributions. For the two-dimensional distributions, the contours show 90% credible regions. Events are ordered by source frame chirp mass.
The colors correspond to the colors used in summary plots. For GW170817 we show results for the high-spin prior ai < 0.89. Top left panel:

The mass ratio q = m2/m1. Top right panel: The e↵ective aligned spin magnitude �e↵ . Bottom left panel: Contours of 90% credible regions for
the e↵ective aligned spin and mass ratio of the binary components for low (high) mass binaries are shown in the upper (lower) panel. Bottom

right panel: The e↵ective precession spin posterior (colored) and its e↵ective prior distribution (white) for BBH (BNS) events. The priors
have been conditioned on the �e↵ posterior distributions.

tive) values of �e↵ increase (decrease) the number of orbits
from any given separation to merger with respect to a non-
spinning binary [37, 145]. We show posterior distributions
for this quantity in the top right panel of Fig. 5. Most pos-
teriors peak around zero. The posteriors for GW170729 and
GW151226 exclude �e↵ = 0 at > 90% confidence, but see
Sec. V F. As can be seen from Table III, the 90% intervals are
0.11–0.58 for GW170729 and 0.06–0.38 for GW151226.

As shown in the bottom left panel of Fig. 5, the mass
ratio and e↵ective aligned spin parameters can be degener-
ate [116, 122, 146] which makes them di�cult to measure
individually. For lower-mass binaries most of the waveform

is in the inspiral regime, and the posterior has a shape that
curves upwards towards larger values of �e↵ and lower val-
ues of q, exhibiting a degeneracy between these parameters.
This degeneracy is broken for high-mass binaries for which
the signal is short and is dominated by the late inspiral and
merger [139]. For all observed binaries the posteriors reach
up to the equal mass boundary (q = 1). With current de-
tector sensitivity it is di�cult to measure the individual BH’s
spins [139, 147–149] and, in contrast to �e↵ , the posteriors
of an anti-symmetric mass-weighted linear combination of �1
and �2 are rather wide.

The remaining spin degrees of freedom are due to a mis-


