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[. Last time

* Worked out the even solutions for the bound states of the
finite square well.

* To find the energies we had to solve a transcendental

equation, which we did numerically, by plotting.



I. Finite square well: bound states

One more 1D example:

-V —a<x<Za
V(x) =
0 x| > a

_VO

But, since the potential 1s even, we can look for even or odd solutions

—a general solution 1s built out of these as a superposition.

Let’s do the even one:
Fe™™ x>ua

w(x) =3 Dcos(fx) O0<x<a
w(—x) x<0



I. Finite square well: bound states

Let’s do the even one:

Fe ™™ x>a
w(x) =3 Dcos(x) 0<x<a

w(—x) x<0

Next impose boundary conditions:

dl// : -V
y and — are continuous.
dx
At x = a,
Fe™™ = Dcos(Za)
—kFe™ @ = — ¢Dsin(Za)
Dividing these two equations

k = ¢ tan(Za)

a
Let’s ssmplify this a bit z = Za, and z, = —/2mV,
et’s sumpliry this a bit z a, and Z P mV,



I. Finite square well: bound states

Our boundary conditions led us to

the transcendental relation

2\ 2
tan(z) = \/<—O> — 1 —d
Z

20 = 6.67 _VO
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Intersections give the

allowed z, which give

allowed ¢, which give
allowed E.



Limiting cases: For a wide, deep well
this should be related to the infinite

square well.
nw

Lint ~ Ly = 7 —d 2
>
then, the allowed energies are: X
Zn = fna = = —
h 2 -V
20 = 6.67 Or
i \ Tt n(z) |
/ n272h2
En + 0—
2m(2a)?

3 4 : 4 7 g S;Z

/ // ) /

T'hese are the square well
solutions above V,;, but only

works for finitely many n.

In the narrow, shallow limit there’s only one solution, but it’s there!



II. 2D Quantum Theory
We’ve been generating more and more examples of quantum systems
by changing the shape of the potential. There’s another way to do 1it.

That 1s, we can change the dimensions of space. Let’s consider 2D.

What becomes of the Schroedinger equation?
We just add an argument to W, that 1s

Yx, 1) - Y(x,y,1)

| ‘6 (important) Aside on notation: We’re lazy and write
2D: W(x,y, 1) = Y(7, 1)

2D: F = (x,y)

3D: ¥ =(x,y,2)

Notice that this notation, while odd, 1s consistent:

2D:r = | 7| \/x2 +y* (polar radius)

3D:r=|r| = \/ x* +y* + z* (spherical radius)




II. 2D Quantum Theory
We just add an argument to W, that 1s

Y(x, 1) - Y(x,y,1)

| ‘ﬁ (important) Aside on notation: We’re lazy and write
2D: W(x,y, 1) = Y(7, 1)

2D: F = (x,y)

3D: ¥ = (x,y,2)

Notice that this notation, while odd, 1s consistent:

2D:r=|7| = \/x2 +y* (polar radius)

17| = \/ x* +y* + z* (spherical radius)

3D: r

But, of course, r # 7. For integration it’s convenient to intro:

— 0 0
2D: d?*F = dxdy V = ( , )
ox 0y

— 0 0 0
3D: d°F = dxdydz = r*sin@drdfd¢p  V = ,—,— ]
0x 0y 0z



Schroedinger equation:

oY n [ 0¥ 0™ n_,
ih— = HY = — t— + Vi, y)y¥=-——VY¥Y+ VY
ot 2m \ ox?  0y? 2m

What kind of differential equation 1s this? 2nd order, partial differential
equation. (2nd order PDE.) We solve PDLEs by separation ot variables.
Let’s do 1t 1n stages, let’s separate t first. We’ll get a time-indep Sch.

n [y oy

—— | — +—= | + Vy = Ey, where v = w(x,y). There’s also a wiggle
2m \ ox*  0y?

factor: p(f) = e £"" Let’s separate the final variables, x and y:

w(x,y) = X(x)Y(y) separation ansatz

h? d*X 0*Y
Y(y)— + X(x)— + Vi = EXY
- 2m Ox?2 0y?



Let’s separate the final variables, x and y:

w(x,y) = X(x)Y(y) separation ansatz

h? d*X d*Y
Y(y)—— + X(x)— + VXY = EXY
2m dx? dy?

Dividing through by XY gives
nt (1d°X 1d%Y

—— +
X dx? Y dy?

2m

) + V(0 + V,(y) = E

'T'his leads us to two separated equations

h? 1 d*X

— + V.(x) = const. = E,
2m X dx?
h? 1 d*Y

Ry e FV,(y) = const. = E,

And E + E, = E. These are just two copies of the 1D Sch. Eq.
'Then the full solutions 1s y(x, y) = X(x)Y(y).



