loday

[. Last Time
II. Algebraic Theory of Angular Momentum

III. Angular Momentum Eigenvalues

[. Last time

* Studied the 2D circular billiard

* Separated variables in polar coordinates for the first time:

w(r, @) = R(r)®(¢)

* Found that the energy quantum number n described the
number of radial rings

* The angular quantum number m, is called the ‘magnetic’
quantum number and describes the number of angular

antinodes



I[. Angular momentum and the Circular Billiard

The potential: r=a
Vir. ) = {O tor r bet.ween 0 and a and for all ¢ /v )O
oo otherwise. n

Note: 1oday we will call mass u Vot = o0

T'’he Schrodinger eqn. for this potential 1s :

Hy = Ey

. h?

H=—-—V>+V(r,¢)
2u

—— | + FV(r, @) |y = Ey

o solve this we use separation ot variables: y(r, ¢) = R(r)P(¢)



I[. Angular momentum and the Circular Billiard

- - r=a

oo 10 1 0° / \
— | | + V(r, =F I
2u | or:  ror  r? dg? o) v =Ew Vih =Y
Vout = &
To solve this we use separation ot variables: y(r, ¢) = R(r)D(¢)
d*d ) 'The radial solutions are
—— = —m“D(¢) . .
dg? described by Bessel functions!
n> [ d’R 1 dR h’m?
— | +| V() + R=ER .
2u \ dr?  r dr 2ur? Abramowitz and

. . . Stegun.
I'he solutions to the first equation are just:

D(p) =

e*™? interesting because L ® = mh®,

V2r
m=....,—2,—1,0,1,2,....



I[. Angular momentum and the Circular Billiard

2
|l//(l",)| r =dad
(@)

Vout = ®

First has (n,m)=(4,0) and the second has (n,m)=(0,10)



I. Angular Momentum

Xy Z
First classically: L =X p =det|x ¥y z|,let’sfocuson 2D and
Py Py P

hence on L, = xp, — yp,.

lo go from the classical to the quantum theory, we introduce hats

— L =3, — 9. =— | x— —y—|.
< < y ~ P i 0y ydx

Putting all of these into the definition of L. gives
. h o
[.=——
I 0¢




I1. Algebraic Theory of Angular Momentum

A\ A A\

X VvV Z
First classically: L =7x p =det|x ¥y z|,let’s focus on 3D
Py Py P

today: L, = yp, — zp,, L, = zp, — xp,, L, = xp, — yp,.

lo go from the classical to the quantum theory, we introduce hats

For the rest of today, I'll drop hats. You’ll remember they’re operators.



Do these operators commute?

= [yp,, zp,]
=ylp,, zp,

= ylp,, 2]

= ylp,, 2]
= ihL,

Conclusion(!): [L,, L,] = ihL,, [L,, L,] = ihL, and cyclic permutations.

A,B+C]=[A,B]+[A,C] [A, BC] = [A, B]C + B[A, C]
L. L) = lyp, —zp,, zpx — xp,1 = lyp_, 20, — xP.| — 2Py, 2D, — XPD,]
_ [ypza XPZ] _ [Zpya pr] + [Zpya xpz]

Px -

x1z, p,1py
-vzlp,, p.l + X1z, p.lp,

Px -

- x[ZapZ]py - = y[ZapZ]px + x[ZapZ]py — lh(_ypx + xpy)



