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[. Last Time
II. Algebraic Theory of Angular Momentum Continued

III. Angular Momentum Eigenvalues

I. Last time

* Intro’d all three angular momentum operators
* Found [L,, L,] = ihL,

* This means that we cannot simultaneously measure L, and

L.
Y
* TA,BC] = B[A, C] + [A, B]C

* Notation: I've begun to drop hats everywhere.



I. Algebraic Theory of Angular Momentum
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today: L, = yp, — zp,, L, = zp, — xp,, L, = xp, — yp,.

lo go from the classical to the quantum theory, we introduce hats

For the rest of today, I'll drop hats. You’ll remember they’re operators.



Do these operators commute?

= [yp,, zp,]
=ylp,, zp,

= ylp,, 2]

= ylp,, 2]
= ihL,

Conclusion(!): [L,, L,] = ihL,, [L,, L,] = ihL, and cyclic permutations.

A,B+C]=[A,B]+[A,C] [A, BC] = [A, B]C + B[A, C]
L. L) = lyp, —zp,, zpx — xp,1 = lyp_, 20, — xP.| — 2Py, 2D, — XPD,]
_ [ypza XPZ] _ [Zpya pr] + [Zpya xpz]

Px -

x1z, p,1py
-vzlp,, p.l + X1z, p.lp,

Px -

- x[ZapZ]py - = y[ZapZ]px + x[ZapZ]py — lh(_ypx + xpy)



I1. Conclusion(!): [L,, L,] = ihL,, [L,, L] = iAL, and cyclic permutations.

It two operators don’t commute, then there’s always an uncertainty

relation for them:

2
Gj(fé ( ([A B]))

Let’s apply this to the case of angular momentum:

1 h
> | | —(iAL =—|(L)]|.
GanLy — (21 <l z)) 9 | < Z> |

There’s a way out of this complicated situation (really only a partial
way out). We want to try and find some quantity that does commute
with the components of L. The idea is to turn to the magnitude of L,
[*=L- L= L? + L2 + L2, Let’s compute

(L% L] = [Lf L+ L2, L) =[L; L]+ [L;, L]+ [L2 L]
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2 _ 2 2 2 _ 2 2 2
(L% L) = [L2+ L2+ L3 L) = [L3 L] +[L3 L] +[L2 L]
= [L;,L]+[L;,L]
=LJ[L,L]+[L,LIL,+LJL,L]+I[L,L]JL,
= — ihL,L, — ihL L + L (ihL,) + ihL,L,

= 0./

T'’hen, because none of the directions 1s special, we expect
(L2, L] = 0!

So, L. and L? are compatible observables. Let’s find their eigenvalues.
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I11. Let’s call the eigenvalues ¢ and 4 respectively. More concretely

Lf=uf and L¥=if (1)



II1. Let’s call the eigenvalues u and 4 respectively. More concretely
Lf=uf and L¥=if (1
We’ll try to copy what we did for the oscillator:

L, =L, *IiL,
Then,
[Lza Li] — [Lza Lx] i i[Lza Ly]
= ihL, + i(—ihL,)
So,

L, L] = £ h(L, *ilL) = + AL,.
[L*, L] =0.
Claim: It fsatishies Eq. (1), then so does L, f, except with
L(L.f) = (u% R)(Lsf). PE
L2(Lif ) = Li(sz )= L(Af) = A(L.f). 4
L(L.f)=(L,Ly — L L)+ L Lf=xhl, f+ul,f=WuxnL,.V/




