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I. Last Time

II. Derivation ot the Angular Momentum Eigentunctions

I1I. Radial Equation

I. Last time

* We found the ladder operators for angular momentum:
L,=L *il,

*Found angular momentum eigenvalues
Lf}=mhf]!, m=-¢—-¢+1,-,¢—1,, where £ 1s an

integer or half integer.

1 3
Lfp =&+ 0ff, =020

*[L?, L] =0, [L,L,] = ihL, and cyclic, [L,, L,] = * AL,.
L*=L,L_+L>FnL,.



S0,
_ {f + 1 physically absurd

—7 yes!
We conclude that the eigenvalues of L, are
mh where
m=—-¢—-¢+1,-¢+2,... -1,
ooes 1n integer steps. We must have that

£ = — ¢ + N, where N 1s an integer. So,

N. . . .
£ = o 18 either an integer or a half-integer.

Intro notation
L*f) = h*¢(€ + 1)fY
and

L. f7' = hmf}', where

1 3
£ =0—1,— ...om==-¢,—¢C+1,....0 -1,
2 2




We can roughly picture this as follows:

AL

The radius of this sphere 1/£(£ + 1) is in general greater than max(L,).



II. Derivation of angular momentum eigenfunctions.

Classically; L =7xP. We want to convert this into operators

2 h

L =—7XV

l

In spherical coords. (natural for ang. momentum and rotations)

L
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or r 00
Now, ¥ = r#, so
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II. Derivation of angular momentum eigenfunctions.

Al 0 .0 Fxd a
— r(rXr)a—+(r><9)—+

L= ,
I r 00 sinf od¢

A

h_d;a O o
] 00 sinf d¢p

Cartesi ts will also be useful P . o
artesian components will also be usefu = i \
0 = cos 6 cos ¢X + cos 0sin ¢py — sin 67 -' i |
q§= — sin X + cos ¢y Ho ’
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II. Derivation of angular momentum eigenfunctions.

Cartesian components will also be usetul

—~ nl.0 4 o
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Then, )
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II. Derivation of angular momentum eigenfunctions.

Then, : )
h o
LZ —
I 0@
Whileh a a //f’
e
L =—|—-s¢p— — cotOcp—
* T < P30 P ) A~

T'he ladder operator are shightly ssmpler

. n .0 , 0
L,=L xiL, = n (—s¢p = ZC¢)£ — (cop £ zsgb)cotﬁﬁ

" 0 , 0 |
= + het? | — + jcot O—




II. Derivation of angular momentum eigenfunctions.

T'he ladder operator are shghtly simpler

. h ., 0 | 0 |
L,=L=*ilL, = n (—s¢p £ zcgb)g —(c¢p £ lsqb)cotﬁﬁ

+ 0 : 0 | A
=+ heT® | — + i cot@—
90 o
From whi(:h -
2 0 9? o P
L.L =—h —+cot9—+cot20—+z— , I
00> o0 o | -
2 2 10 0 1 * /,/1—________;;-_-.”
L =—nh s0— | + P
s@ 00 00 520 02 | =

Now, recall

L7 = n*(¢ + 1), where f7' = f7(0, ).



I1. Derivation of angular momentum eigenfunctions.
From Which

| @2 0 , . 0° 0
LL =-h"|—+cotd—+cot”O0—+i—
002 00 op? 9
, |1 0 0 1 0°
L =—-nh s0— |
s 06 06 5260 0¢h?

Now, recall

LT = h*¢(¢ + 1), where f7' = 20, ¢). Let’s suppose
(0, p) = O(@)D(¢p) (separation ansatz)

to find

—h? = W& + 1)00.

1 o d® 1 d*d
sODO— | + @,
sO 00 do s20  d¢?

Dividing by ®® and multiplying by —s26 gives

1| a/ aeN| 1 2o
— | s0— | 60— | = — (€ + 1)s%0
e | av D dp?




I1. Derivation of angular momentum eigenfunctions.

Dividing by ®® and multiplying by —s%6 gives

1 d d® 1 d*® ,
— | sO0— | s0— | =—-70 + 1)s°60
® do do D dgh?

Rearranging gives

1 d d® , 1 d*®
— | sO— | sO— || + (€ + 1)s°0 ¢ + =0
® do D dgh?

We’ve separated variables, so the contents ot the curly braces and

the other term are each constant. So that
1 d°®

= —m? (1
D dgh?

| d dO®

— | s0— (sH—) + (¢ + 1)s%0 ¢ = m* (2).
® do do




