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I. Last Time
II. Finish Power Series Method for Hydrogen
II1. Saiqr’s Guest Lecture on Spin

I. Last ttme

*Intro’d a power series solution to try and solve the Hydrogen atom

Q)

radial wave function: part of that was v(p) = 2 cjpj . (Recall v
j=0
followed on from u = rR(r) .)
*¥I'he power series v came from stripping oft the asymptotic behavior

of u = p’*tle=Pv(p), where p = kr.



[. Our Result for the Radial Equation

h2 d2M B b B hz f(f‘l‘ 1)
o + Vo = Eu, where V(1) = V(r)

2m 72

Let’s consider a particular potential, just to get a feel for what this

looks like. The hydrogen atom potential 1s
1 e? B ke*

— , |
drey 1 r Vef

V(r) = —

then the effective potential 1s

ke* W%+ 1)
+ .
r 2m 2

Vefr = —

Here Iittle u,
u(r) = rR(r).



I. Series Method for Hydrogen atom
Let’s introduce a wave number for bound states

\/ —2m,E
k =
h
Plugging this in we find
1 d*u me> 1 £ +1)
—J [ [ —+ U,
k? dr? 2rnegh?k (kr) (kr)?

Let’s introduce nice variables .

L 1 mee2

= kr an = .

P Po 2regh?k 1 -
'I’hen we have the clean form o
d? ‘ £+ 1)

gy | o + e+ 1) U.

dp> | p p*

Let’s look for the asymptotic behavior ot this equation, let’s take up
the case p —» ...



I. Series Method for Hydrogen atom

'Then we have the clean form 1 4
d? i £ +1) T
dp= | p p?

Let’s look for the asymptotic behavior of this equation, let’s take up
the case p — oo where

d*u B

A~
and the solutions are just

u(p) = Ae ” + Be”.

T'here’s no way that the second term 1s normalizable, so we only
keep

u(p) ~Ae™".

T'he other asymptotic regime 1s p — 0, where

d’u ¢ +1)

= — with solution u(p) = Cp**' + Dp~* (check it).
p p




I. Series Method for Hydrogen atom

'T’hen we have the clean form

du | £+ 1

ﬁ= _1—?+ (p2 ) u.

There’s no way that the second term 1s normalizable, so we only
keep

u(p) ~Ae™".

T'he other asymptotic regime 18 p — 0, where

% = f(fp—; D u, with solution u(p) = Cp?*! + Dp~? (check it). The

normalizable one is u ~ Cp?*!. Then our full ansatz for the power
series method 1s going to be
u(p) = p? e Pv(p). Putting this in the resulting differential equation
18

d2
p—+2(f+1—,0)—+[,00—2(f+ Dlv=0

dp? dp



I. Series Method for Hydrogen atom

Starting with

d2
p—+2(f+ 1 — )—+[po—2(f+ Dv=0

dp? dp
we now guess a solution of the form
v(p) = Z ijj-

j=0
N ow we grind
— =) ot = Z(]+1) Ciy 1/
j=0 j=0

— = Zm Dy 07!




I. Series Method for Hydrogen atom

Starting with
d2

p—+2(f+1—p)—+[p0—2(f+1)]v—

dp? dp

we now guess a solution of the form
&)

v(p) = Z ijj-

J=0

Now we grind
AV 00 | 5 00

d_
> [](j + 1)) + 206+ 1DjG + e’ -

=0

.

2jcip’ + (py — 2(€ + D)c;p’

=0



I. Series Method for Hydrogen atom

Z [j(j + Dejp1p! + 2 + DjG + Degp? = 2jeip? + (pg — 2(€ + 1))cjpf] =0
j=0

Setting the coethicients of every term equal to zero we learn that
[j( J+ Dy + 22+ DG + Dy — 2ic;+ (g — 2(Z + 1))cj] = 0.
T'his gives the recursion relation:
20+7+1)—po
Cj-l—l — ) - Cj.
G+ DG+20+2)

Let’s imagine for a moment that this recursion never ends, then for

large j, we can approximate it in a simpler form:
2j 2
Cir] = — C; = ——C;.
g+ D T+
'I'his new recursion and 1t has an approximate solution
2 o > Y
Cj R —=Co, which implies v(p) = ¢, Z °_v’0] = cye’’; nota bene(!!!). ..

J
Jj! gk



II. Series Method for Hydrogen atom
This new recursion and it has an approximate solution

% %

o0
Cj R —=Co, which implies v(p) = ¢, Z .—'pj = c,e?; nota bene(!!!). ..

J! !
...this 1s a bad solution! It doesn’t meet our boundary conditions, 1n

particular, we can’t normalize 1t. 'This means that we can’t allow the

recursion to continue to large j. So, instead we force 1t to end:

2(+C+1) —
Cip) = .(J . ) =P ¢; implies that the numerator should vanish
G+ DG+ 20+ 2)

for some value ot j, which we will call N. Then
2IN+?¢)—py =0, then with n = N+ 7, we get p, = 2n. We now have
that

2
r h2k? me” s m, ( e’ ) 1 K
— — : n:— e —

om 8n’egh?pgs 2h? \ 4re




II. Series Method for Hydrogen atom

'T'hen the total wave function 1s

anm(rv 99 ¢) — Rnf(r)Y;n(Qa ¢)9
Where

1
R, (r) = 7,0“16_%(,0),

Where v(p) 1s determined by

2+ 7 +1—n)
C]+1: - - Cj.
G+ D(G+20+2)
r

Also p = —.
an



