MATH 2270: Written Assignment 2 Due: Wed, September 26, 2018

Show all appropriate work.

1. Problems from the book: (Again, a scan of the problems are attached to the end of
this pdf.)
(a) Section 1.3: 5, 6, 14.
(b) Section 2.1: 4, 5, 12, 16, 29.
(c) Section 2.2: 21.
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Problem Sef 1.3

Solution Solve the (linear triangular) system Ax = b from top to bottom:

first X1 = bl 1 0 0 bl ' . ‘ . ' .

' ds3 = b. Th te b atrix-vect
then x, = by + by Thissaysthatx = A6 =| 1 1 0 by 1 Fm]c:'tt;;cggzil ;zm(bzl(r)l;tlzrtleii L :ofsiozuci 33 - VI; o Se)n. jn e b as a matrix-vector
then x3 == by + bs 01 1 by multipli . p p :

This is good practice to see the columns of the inverse matrix multiplying by, b, and b3. 1 0 10 ]
The first column of A1 is the solution for = (1,0, 0). The second column is the solution 51 = } §2 = i §3 = ? go into the columns of S .
g

for b = (0,1,0). The third column x of 4~ is the solution for Ax = b = (0,0, 1).

The three columns of A are still independent. They don’t lie in a plane. The combi-
nations of those three columns, using the right weights x1, x2, x3, can produce any three-
dimensional vector b = (by, b2, b3). Those weights come from x = A~ 5.

Solve these equations Sy = b with 51, 2, §3 in the columns of §:

1 0 0 Y1 1 1 0 0 yi 1
1.3 B This E is an elimination matrix. E has a subtraction, E ! has an addition. 1o y2 |=| 1l jand| 1 10 Y2 | =
11 1] ys 1 11 1] s 9

e [ 4]0 -0 ee ]

The first equation is x; = b;. The second equation is x; — £x1 = b,. The inverse will add
£xy = £by, because the elimination matrix subtracted £x :

The sum of the first » odd numbers is

Solve these three equations for yy, y2, ¥3 in terms of By, Ba, Bj:

1 X1 _ bl _ 1 0 bl -1 1 0O I 00 B,
= [sz]—[ﬂbﬁbz]._[t’ IMbQ} E ‘[e 1} Sy=8B 1 10 =1| B,
111 Bs

“% hanoe O from 2 cvelie difference to a centered difference pr NGO Yz o— X0 . . . . I

1.3 C Change C from a cyclic difference 1o a centered difference producing x3 — xq; Write the solution y as a matrix A = S~ times the vector B. Are the columns of S
0 10 X3 X2 — 0 by independent or dependent? -

Cx=b —1 0 1 X2 = X3 - X1 == bz . (15) . . . ) th .

0 -1 0 X3 0 — Xy by Find a combination x,w; + xow, + x3ws3 that gives the zero vector:

Show that Cx = & can only be solved when b; + b3 = 0. That is a plane of vectors b 1 4 7

in three-dimensional space. Each column of C is in the plane, the matrix has no inverse. wy = | 2 wy = | 5 w3 = | 8

So this plane contains all combinations of those columns (which are all the vectors Cx). 3 6 9

Solution The first component of & = Cx is x,, and the last component of b is —x;. Those vectors are (independent) (dependent). The three vectors lieina _____. The

So we always have by + b3 = 0, for every choice of x.
If you draw the column vectors in C, the first and third columns fall on the same line.
In fact (column 1) = —(column 3). So the three columns will lie in a plane, and C is not

matrix W with those columns is rot invertible.

The rows of that matrix W produce three vectors (I write them as columns):

an invertible matrix. We cannot solve Cx = b unless by + b3 = 0. 1 2 3
I included the zeros so you could see that this matrix produces “centered differences”. ri=| 4 Fo=15 rz=16
Row i of Cx is x;.41 (right of center) minus x;1 (left of center). Here is the 4 by 4 7 8 9

centered difference matrix:

0O 1 0 0 X1 Xs— 0 by Linear algebra says that these vectors must also lie in a plane. There must be many
Cx = b -1 0 1 0 X5 X3 — X1 by 16) combinations with y1ry + y2#2 + y3rs = 0. Find two sets of y’s.
X == = =
g —(1) _? (1) fcz );4 : ;3 iz Which values of ¢ give dependent columns (combination equals zero)?
Surprisingly this matrix is now invertible! The first and last rows give x, and x3. Then 135 10 ¢ ¢ ¢ c
the middle rows give x; and x4. It is possible to write down the inverse matrix C 1. But i i- 4 (1) i (1) g ; 2
¢

5 by 5 will be singular (not invertible) again . ..
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If the columns combine into Ax = 0 then eachrowhasr - x = 0.

X1 0 Fi-X 0
a; a as x2 | =10 Byrows| ra-x | = 0
X3 0 Fz+X 0

The three rows also lie in a plane. Why is that plane perpendicular to x?

Moving to a 4 by 4 difference equation Ax = b, find the four components Xi, X2,
x3, x4. Then write this solution as x = S to find the inverse matrix § = A~

=b.

What is the cyclic 4 by 4 difference matrix C? Tt will have 1 and —1 in each row.
Find all solutions x = (x1,x2, X3, X4) O Cx = 0. The four columns of C liein a
“three-dimensional hyperplane” inside four-dimensional space.

A forward ditference matrix A is upper triangular:

-1 1 0 Zy Zo — 21 b1
Az = 0 -1 i V) = Z3 — 22 = b2 =},
0o 0 -1 Z3 0—z3 bs

Find zy, 2, z3 from by, b, b3. What is the inverse matrix in z = A715?

Show that the forward differences (¢ + 1)? — % are 2t+1 = odd numbers.

As in calculus, the difference (t + 1)" — ¢ will begin with the derivative of ",
which is

The last lines of the Worked Example say that the 4 by 4 centered difference matrix
in (16) is invertible. Solve Cx = (b1, b, b3, bs) to find its inverse in x = C1b.

Challengé Problems

The very last words say that the 5 by 5 centered difference matrix is not invertible.
Write down the 5 equations Cx = b. Find a combination of left sides that gives
zero. What combination of by, ba, b3, ba, bs must be zero? (The 5 columns lie on a
“4-dimensional hyperplane” in 5-dimensional space.)

If (a,b) is a multiple of (¢,d) with abcd # 0, show that (a,c) is a multiple of
(b, d). This is surprisingly important; two columns are falling on one line. You
could use numbers first to see how a, b, ¢, d arerelated. The question will lead to:

The matrix 4 = [ Ccl Z ] has dependent columns when it has dependent rows.

Chapter 2

Solving Linear Equations

2.1  Vectors and Linear Equations

The F:entral pljoblem of linear algebra is to solve a system of equations. Those equations
are linear, which means that the unknowns are only multiplied by numbers—we never see
x times y. Our first linear system is certainly not big. But you will see how far it leads:
Two equations x — 2y 1
Two unknowns 3x 4+ 2y = 11 M

We begin a row at a time. The first equation x — 2y = 1 produces a straight line in the xy

Jlane. The polint x = 1,y = 0is on the line because it solves that equation. The point
= 3,y = lis also on the line because 3 —2 = 1. If we choose x = 101 we find y = 50.

- The slope (?f_ this particular line is 1, because y increases by 1 when x changes by 2.
v ut slopes are important in calculus and this is linear algebra!

Flg re 2.1: Row picture: The point (3, 1) where the lines meet is the solution.

¢ 2.1 shows that line x — 2y = 1. The second line in this “row picture” comes
second equation 3x + 2y = 11. You can’t miss the intersection point where the

31
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Chapter 2. Solving Linear Equations

(2) The dot product of each column of A with y = (1,1, —1) is zero. On the right side,

y b=(1,1,-1)-(4,58) = Lisnot zero. Soa solution is impossible.

(3) There is a solution when b is a combination of the columns. These three choices of

1

Problem Set 2.1

Problems 1-8 are about the row and column pictures of Ax = b.

b have solutiops x* = (1,0,0) and x** = (1,1,1) and x™* = 0,0,0):

1 9 0
p* = | 1| = fisstcolumn 5** = | 0 | = sumofcolumns b™ = | 0
2 9 0

With A = I (the identity matrix) draw the planes in the row picture. Three sides of
a box meet at the solution x == (x,y,z) = (2,3,4):

Ix4+0y4+0z=2 i 0 0]}|x 2
Ox+1y+0z=3 or 01 0f|yi=13
Ox+0y+1z=4 0 0 1 z 4

Draw the vectors in the column picture. Two times column 1 plus three times column
2 plus four times column 3 equals the right side b.

If the equations in Problem 1 are multiplied by 2, 3, 4 they become DX = B:
4

2x +0y +0z =4 2 0 0 x
Ox +3y+0z=9 or DX=]0 3 0 yi=1 9{=8B
Ox +0y +4z =16 0 0 4 z 16

Why is the row picture the same? Is the solution X the same as x? What is changed
in the column picture—the columns or the right combination to give B?

If equation 1 is added to equation 2, which of these are changed: the planes in the
row picture, the vectors in the column picture, the coefficient matrix, the solution?
The new equations in Problem 1 would be x = 2, x+y=25z=4d

Find a point with z = 2 on the intersection line of the planes x + y + 3z = 6 and
x — y + z = 4. Find the point with z = 0. Find a third point halfway between.

The first of these equations plus the second equals the third:
x+ y+ z=2
x+2y+ z=3

2x + 3y + 2z =5.

The first two planes meet along a line. The third plane contains that line, because
if x, v, z satisfy the first two equations then they also . The equations have
infinitely many solutions (the whole line L). Find three solutions on L.
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Move the third plane in Problem 5 to a parallel plane 2x + 3y + 2z = 9. Now the
three equations have no solution—why not? The first two planes meet along the line
L, but the third plane doesn’t that line.

In Problem 5 the columns are (1, 1,2) and (1,2, 3) and (1, 1, 2). This is a “singular
case” because the third column is . Find two combinations of the columns that
give b = (2,3,5). This is only possible for b=(4,6c)ifc=

Normally 4 “planes” in 4-dimensional space meet at a . Normally 4 col-
umn vectors in 4-dimensional space can combine to produce . What combination
of (1,0,0,0),(1,1,0,0),(1,1,1,0),(1,1,1,1) produces b = (3,3,3,2)? What 4
equations for x, y, z, ¢ are you solving?

oblems 9-14 are about multiplying matrices and vectors.

Compute each Ax by dot products of the rows with the column vector:

|2 472 21 0 011
1 21 0f]1
@ |-2 3 1]]2 ()
012 1|1
4 1 2|3
001 2|2

Compute each Ax in Problem 9 as a combination of the columns:

1 2 4
9(a) becomes Ax =2|-2|+2]3|+3|1]|=
—4 1 2

How many separate multiplications for Ax, when the matrix is “3 by 3”7

Find the two components of Ax by rows or by colulﬁns:

HHIH I S R B[

Multiply A times x to find three components of Ax:

0 01 X 2 1 3 1 2 1
01 0 d !
y an 1 2 3 1 and 1 2 .
1 0 0}}¢z 3 3 611-1 3 3 1
(a) A matrix with m rows and »n columns multiplies a vector with compo-
nents to produce a vector with components.
(b) The planes from the m equations Ax = b are in -dimensional space.
The combination of the columns of A isin _____ -dimensional space.
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14  Write 2x +3y +z + 5t = 8 as a matrix 4 (how many rows?) multiplying the column
vector x = (x,y,z,1) to produce &. The solutions x fill a plane or “hyperpiane”
in 4-dimensional space. The plane is 3-dimensional with no 4D volume.

Problems 15-22 ask for matrices that act in special ways on vectors.

15 (a) Whatis the 2 by 2 identity matrix? / times [} ] equals [y ].
(b) What is the 2 by 2 exchange matrix? P times [} | equals [§].
(a) What 2 by 2 matrix R rotates every vector by 90°? R times [’;
(b) What 2 by 2 matrix R? rotates every vector by 180°?

Find the matrix P that multiplies (x, y, z) to give (v, z, x). Find the matrix O that
multiplies (v, z, x) to bring back (x, y, z).

What 2 by 2 matrix E subtracts the first component from the second component?
What 3 by 3 matrix does the same?

3 3
E [2] = [;:l and Ejs|=12
7 7

What 3 by 3 matrix E multiplies (x, y, z) to give (x, y,z + x)? What matrix £~*
multiplies (x, y,z) to give {x,y,z — x)? If you multiply (3,4,5) by E and then
multiply by £~!, the two results are ( ) and ( ). '

What 2 by 2 matrix P; projects the vector (x, y) onto the x axis to produce (x, 0)?
What matrix P, projects onto the y axis to produce (0, ¥)? I you multiply (5,7)
by P; and then multiply by P, you get ( )} and ( ).

What 2 by 2 matrix R rotates every vector through 45°? The vector (1,0) goes to
(v/2/2,+/2/2). The vector (0,1) goes to (—+/2/2,+/2/2). Those determine the
matrix. Draw these particular vectors in the xy plane and find R.

Write the dot product of (1,4, 5) and (x, y, z) as a matrix multiplication Ax. The
matrix A has one row. The solutions to Ax = @ licona perpendicular to the
vector . The columns of A are only in -dimensional space.

In MATLAB notation, write the commands that define this matrix A and the column
vectors x and ». What command would test whether or not Ax = b?

SIS SR

The MATLAB commands A = eye(3) and v = [3:51/ produce the 3 by 3 identity
matrix and the column vector (3,4,5). What are the outputs from Axv and v/ xv?
{Computer not needed!) If you ask for v«A, what happens?
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25  If you multiply the 4 by 4 all-ones matrix A = ones(4) and the column v = ones(4,1),
what is A*v? (Computer not needed.) If you multiply B = eye(4) + ones(4) times
w = zeros(4,1) + 2xones(4,1), what is Bsw?

Questions 26-28 review the row and column pictures in 2, 3, and 4 dimensions.

26  Draw the row and column pictures for the equations X — 2y =0,x4+y = 6.

27  For two linear equations in three unknowns x, y, z, the row picture will show (2 or 3)
(lines or planes) in (2 or 3)-dimensional space. The column picture is in (2 or 3)-
dimensional space. The solutions normally lieona

For four linear equations in two unknowns x and y, the row picture shows four
. The column picture is in _ -dimensional space. The equations have no
solution unless the vector on the right side is a combination of _

Start with the vector #g = (1,0). Multiply again and again by the same “Markov
matrix” A = [.8.3; .2.7}. The next three vectors are uy, #3, ¥3!

8 371 8 o
Uy —= ['2 .7] [O] == l:z] Uy = Au1 = _ Uz = Auz = .

‘What property do you notice for all four vectors uo, u3, U2, usz?

_ -

~ Challenge Problems

Continue Problem 29 from u#g = (1,0) to #7, and also from vo = (0, 1) to v7.
What do you notice about x7 and v7? Here are two MATLAB codes, with while and
for. They plot #q to u7 and vg to v7. You can use other languages:

u=[1;0;A=[8.3;.2.7]; v=[0;1;A=1[8.3:;.2.7];
x=u;k=[0:7]; x=v;k=[0:7]

while size(x,2) <=7 forj=1:7

u = Axu; X = [x uj; v = Axv; X = [x vV};

end ' end

plot(k, x) plot(k, x)

The u’s and v’s are approaching a steady state vector s. Guess that vector and check
that As = s. If you start with s, you stay with s.

Invent a 3 by 3 magic matrix M3 with entries 1,2,...,9. All rows and columns
and diagonals add to 15. The first row could be 8,3, 4. What is M5 times (1,1, 1)?
What is M, times (1,1, 1, 1) if a 4 by 4 magic matrix has entries 1, ..., 167

Suppose u and v are the first two columns of a 3 by 3 matrix A. Which third columns
w would make this matrix singular? Describe a typical column picture of Ax = b
- in that singular case, and a typical row picture (for a random b).
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Construct a 3 by 3 example that has 9 different coefficients on the left side, but
rows 2 and 3 become zero in elimination. How many solutions to your system with
b = (1, 10, 100) and how many with b = (0,0,0)?

Which number g makes this system singular and which right side ¢ gives it infinitely
many solutions? Find the solution that has z = 1.

x+dy—2z=1
x+T7y—6z=56
3y +qgz =1.

Three planes can fail to have an intersection point, even if no planes are parallel. The
system is singular if row 3of Aisa ____ of the first two rows. Find a third equation
that can’t be solved together with x +y +z =0andx -2y —z = L.

Find the pivots and the solution for both systems (Ax = b and Kx = b):

Ix+ y =0 2x — Y =90
x+2y+ z =0 —x+2y— z =1
y+2z+ t=0 —~ y+4+22—t=0

z 42t=15 — z +2t =5.

Jf you extend Problem 21 following the 1,2, 1 pattern or the —1, 2, —1 pattern, what
is the fifth pivot? What is the nth pivot? K is my favorite matrix.

If elimination leads to x + y = 1 and 2y = 3, find three possible original problems.
For which two numbers @ will elimination fail on A = [32]?

For which three numbers ¢ will elimination fail to give three pivots?

a 2 3]
A=|a a 4] issingular for three values of a.
a a a|

Look for a matrix that has row sums 4 and 8, and column sums 2 and s:

. _fa b7 a+b=4 a+c=2
M"““X”[c d | c+d=8 b+d=s
The four equations are solvable only if s = _____. Then find two different matrices

that have the correct row and column sums. Extra credit: Write down the 4 by 4
system Ax = b with x = (a,b, ¢, d) and make A triangular by elimination.

Elimination in the usual order gives what matrix U and what solution to this “lower
triangular” system? We are really solving by forward substitution:

3x =3
6x + 2y =8
9x —2y +z=09.

dea of Elimination 55

- Create a MATLAB command A(2, : ) = ... for the new row 2, to subtract 3 times row
-1 from the existing row 2 if the matrix A is already known.

Challenge Problems

“Find experimentally the average 1st and 2nd and 3rd pivot sizes from MATLAB ’s
LU = lu(rand(3)). The average size abs(U(1, 1)) is above % because lu picks
the largest available pivot in column 1. Here A = rand(3) has random entries
“between 0 and 1.

“If the last corner entry is A(5,5) = 11 and the last pivot of 4 is U(5,5) = 4, what
- different entry A(5, 5) would have made A singular?

" Suppose elimination takes 4 to U without row exchanges. Then row j of U is a
- combination of which rows of A? If Ax = 0,is Ux = 0?7 If Ax = b,isUx = b?
f A starts out lower triangular, what is the upper triangular U?

- Start with 100 equations Ax = 0 for 100 unknowns x = (x1,...,X100). Suppose
* elimination reduces the 100th equation to 0 = 0, so the system is “singular”.

(a) Elimination takes linear combinations of the rows. So this singular system has
the singular property: Some linear combination of the 100 rows is .

; (b) Singular systems Ax = 0 have infinitely many solutions. This means that some
linear combination of the 100 columns is

(c) Invent a 100 by 100 singular matrix with no zero entries.

(d) For your matrix, describe in words the row picture and the column picture of
Ax = 0. Not necessary to draw 100-dimensional space.




